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GENERAL INTRODUCTION

The technical requirements for contract No. DAEA 18-69-C-0082 re-
quest a study of certain boundary-layer parameters utilizing the Davis
data. Specifically, the technical requirements request the value of
Ng = Kth‘l , Ng-= KWKm‘1 , an expression for the wind profile and
possible confirmation of anomalies in the '"Davis Data. "

Section 1 entitled '"Note on Eddy Diffusivities'' by H. H. Lettau uses
theoretical developments to show that NgQ may be equal to one only near
adiabatic conditions. The same may be true for Ng . Section 3 entitled
"The Effect of Time-Variable Fluxes on Mean Wind and Temperature
Structure'' by C. R. Stearns shows the effect on mean profile structure and
on Ng of averaging periods with high or low stress and/or high or low
heat flux density. Sections 1 and 3 give reasons for difficulty in determin-
ing consistent values of N@ and Ng.

Section 4 entitled ''Intercomparison of Flux Densities of Heat, Moist-
ure and Momentum at Davis, California, 1970'" by C. R. Stearns shows
that the results obtained by assuming NQ = NE = ¢‘1/2 are reasonable
when compared to the shear-stress and weighing lysimeters. The scatter
of the data points awaits explanation.

The problem of profile structure is part of Sections 3 and 4. In
analyzing the data for Section 4, a measure of the fit to profiles of wind
temperature and moisture was obtained but not presented. This information
will be published in the future.

The anomalies in wind direction at various levels have not been
resolved and appear to be impossible because the wind vanes operated
poorly at low wind speeds when the greatest vertical difference would occur.
The horizontal stress, heat flux and moisture flux differences between
masts appear to be real and will also be the subject of future publication.

Charles R. Stearns
Madison, Wisconsin
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NOTE ON EDDY DIFFUSIVITIES

H. Lettau
University of Wisconsin at Madison

1. Defining Relations

Consider fully developed turbulence in flow where the lower fluid
boundary coincides with the horizontal x, y-plane at z = 0. Of interest
are the eddy fluxes in the direction normal to the boundary, which is also
taken to be the direction perpendicular to the mean stream lines. Of pri-
mary importance is the eddy flux of momentum per unit mass. Next important
are the simultaneous fluxes of various scalar properties, or specific admix-
tures per unit mass. All these fluxes are physically related to boundary
transfer of momentum (that is, the surface stress) and simultaneous area
sources (or sinks) of admixtures, like surface release of heat, or moisture,
etc., Let the overbar indicate a suitably defined average of fluid wvariables
at a point., In most practical applications we use a time-mean of either x-
momentum or y-momentum per unit mass (that is, of horizontal flow com-
ponents u or v), and likewise of fluid admixture, s. The Reynolds tensor
yields the defining equations of the eddy fluxes. Specifically, when w'
denote s the fluctuating component of fluid motion normal to the boundary
(with w' = 0, but w'w' significantly positive) the eddy fluxes of interest
are given by the covariances (mixed products) w'u, w'v, w's. Note that
under the assumptions of ordinary turbulence statistics, w'u = w'u' and
w's = w's', etc. In the following, we shall use the simpler writing w'u or
w's, instead of w'u' and w's', and corresponding simplifications in other
eddy covariances.

Let the subscripts x,y,z denote partial differentiation of a dependent
variable with respect to the cartesian coordinates (which are the only inde-
pendent variables of steady mean states). We consider turbulent flow in
which eddy fluxes occur only in the direction (z) perpendicular to the lower
boundary. Then the eddy diffusivities for any specified fluid property are
formally defined as follows:

(1.1) K(u) = - w'u/uZ i K(v) = - w'v/vZ ; K(s) = - w's/sz A

Beginning with pioneer work by Reynolds and Boussinesq, around the turn of
the century, many investigators have attempted to explain the physical
nature of the coefficients in (1.1). However, it is generally conceded that
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there are still unsolved problems, if we want to know more than the trivial
fact that for existing eddy fluxes these K's will have nonzero values and
physical dimensions of '"length' times "velocity'" or, specifically, cm?/sec.
Of fundamental importance is the question whether or not (1. 1) yields al-
ways positive coefficient values, and for what reason we should exclude

+ infinity and or permit negative values; reference is made to Starr (1968).
Furthermore, if the K's should always be positive, another question is
whether or not they agree with each other when eddy fluxes of different

fluid properties coexist at the same point of the turbulent flow. Specifically,
it is most important to know whether or not the eddy diffusivity for momen-
tum K(M)-—which may be represented either by K(u) or K(v) in (1.1)—equals
the eddy diffusivity K(s), for which a specific case is the eddy diffusivity
for heat, K(H).

A brief and rather formal discussion of structure of eddy fluxes and
eddy diffusivities follows, based on the universal hypothesis for the rela-
tionships between mean and eddy states introduced by Lettau (1967). The
three-dimensional form of this relationship is given by:

(1.2) V' = X[UxXV] -V -V X [VXr]-y-¥_

gy
= et R

ef

(1.3)iis Bt rsom rve Ve sy o LuNiailg

ref =
where V' =iu' +jv'+kw', and r' = ix' + jy' + kz' are the three-dimen-

sional vectors of eddy velocity and eddy displacement, respectively, with
Z‘ :_T;' = 0; the subscript '"ref'"' denotes reference values which are constant

parameters for a given case of turbulent flow. In comparison with the ver-
sion given in Lettau (1967), the only difference is the consideration of

v in (1.2).

y>ref ipf )

For the sake of clarifying the principles, the following discussion will
be restricted to steady, homogeneous (in x and vy), and unidirectional
mean flow with strictly one-dimensional mean shear (in z only). This
implies that among the various averaged fluid variables, only 4, Uy, Uy, ,
etc. , also s, §,, §,, , etc., are nonzero, while 0y = Uy = Sy = 8, =
v = 0. Because only the eddy velocities in the x and 2z directions will
be considered, we omit also for brevity any consideration of eddy velocity
in the horizontal cross-stream direction, although v' exists and the
significantly positive v'V' can be calculated with the aid of (1. 2) even

for v :_i>f1 , and y>ref :_ijiref . Correspondingly, we omit consideration

of the component y' of eddy displacements, and any covariances involving
y' or its derivatives. In summary, the relevant components u', w', and
s', are expressed as the following special versions of (1. 2) and (1. 3):



! - - | [ - 1 1
(1. 4) s e uzz u uref(xx + zz) .
"™ 5 T R4 | 1 (| © S !
(15 W't B uzx u uref(xz zx) s
1. e & gl A JENS 1
(1. 6) i< 5,2 S Sref(xx+ zz) .

In (1.4) and (1. 6), the first members are the '"gradient terms, " the second
members the '"divergence terms.'" In (1.5), both members are vorticity terms,
depending on the curl of mean velocity, and the curl of the eddy displace-
ment vector. Hence, the system (1.4) to (1. 6) expresses the vortex-

nature of flux producing eddies in turbulent flow; see Lettau (1964, 1967).

By definition of the Reynolds averages it follows that w'u' = w'u,
and w's' = w's . Hence, the eddy fluxes are obtained from (1.4) to (1. 6),

(1.7) -w'u:xzuu +(xx'+zz'+zx'—xz)u u-u
X bid z Z ref
- (xx' -2'2' +x'2' -%x'2') (u-u )2
X z X Z Zg xx ref
(1. 8) -w's = x'z2'u s +(z'xX'+ x'X')u s-s -(x'2'-2'2")s u-u
Z z z X b A ref z X z ref

-(x'x!' =2'z' +x'2' -x'2') u-u S-S .
X z X z zZ 2z valor ref ref

By definition (1.1), the fluxes yield the eddy diffusivities of momentum
(u, or x-momentum per unit mass) and scalar admixture (s, per unit mass),

. = FER 1! z' z! zZ'x! = x' 7! -
(1.9) K(u) X'z uz + (xx + & + 4 . ) u uref
i 1 <! 1 Yol Lt 2
(Xxxz zxzz +Xzzz xxzx) ref) /u 2
‘ = z'-_ zx x' u E - (x'z'=-2'2") u-u
(1.10) K(s) X'z'u + ( +x ) u s- 5o / Y (xz b ) o
- (x'x' =z'z' +x'2' -x'2') u-u s- E
( X z X z zZ z X ) ref Sref/ z

Obviously, only the first members of Egs. (19) and (1.10) are the same,
It appears that either K-value may fall between zero and e 1nf1n1ty This
variability is due partly to the '""mean-state terms'" iz, S,, Uu-Upef,
and S=S.of ) and partly due to the eddy structure terms. The latter



4

contribution is of major importance and shall be investigated in the follow-
ing. With regard to '"mean-state terms'' the consequence of the appearance
of finite reference values, while u-u,;# 0 and s=s ¢ # 0, documents
that the ideal of strictly '"gradient flux'' or gradient diffusion must have very
definite limitations.

2. Hierarchy of Simplified Eddy Flux Models

2.1 Horizontal Homogeneity of Eddy Structure

A first step towards simplification of the eddy flux model (1. 7) and (1. 8)
is to assume that structure variances and covariances share with mean flow
variables the feature of independency on the horizontal coordinates x and
y. This implies that

(2.1) xX'x' =
X

l 1 <! -— II_L Il —
2‘(xx)x = sz = 2(zz)X =" 0.

This produces the following simplification of (1. 7) and (1. 8),

(2.2) -w'u = x'z'uu -(x'z' -2z'x')u u-u
7 W7 z z z ref
-(x'x' ~z'z" +x'2" -x'2")(u-u__ )2,
X z X 2z zZ 2z X X ref
(2. 3) -w's = x'z' u.s: - (x'2z''s u-u + z'x'u s-s
ZZ z z ref 7 z ref
- (x'x! —izglzl $isdigh—ixlzt) u=u S-S 3
X z X Z zZ Zz X X ref ref

The corresponding forms for K(u) and K(s) can readily be derived and need
not be written down. Obviously, the simplification (2. 1) does neither result
in strictly gradient diffusion nor does it produce equality of eddy diffusivi-
ties. On the other hand, it may be remarked that the variances x'x' and
z'z' will exist and must be functions of height, that is, (x'—x')z = ZXTZ}-{'_ o,
also (z'z'), = 2z,2' # 0, in supplement of (2.1). It follows with the aid

of (1.4) to (1. 6) that these ''longitudinal eddy length-scales' express es-
sentially the variances w'w', u'u’, and s's' . According to Lettau (1968)
the longitudinal length-scale controls also the eddy fluxes in free turbu-
lence of inertial jet flows. However, for the problem under discussion,

they can be ignored.




2.2 Vertical Coherence (Non-Intermittancy) of Eddy Displacements

It will be assumed that the eddy displacement components x' and z'
satisfy the requirement of vertical coherence if

(2. 4) sobapl= = zlgl- = 0

X Z X z
The terminology is chosen because it can be shown that (2. 4) implies an
existing coherence between the simultaneous quasi-harmonic eddy fluctua-
tions of x' and 2z'. To show this, let A and B denote mean amplitudes,
B a characteristic lag constant, and ¢' a continuous independent variable
related to either time or one of the horizontal coordinates, so that applica-
tion of the Reynolds average yields sin ¢' = cos ¢' = sin ¢' cos ¢' = 0,
while sin2¢' = cos?p' =1/2. Let

(2.5) x' = A sin o; z' = B sin(o' + B),

so that

(2. 6) X'sgt=0" w2 RY/2: VR = Be 2 Rt :EIAB cos B .

The assumption of homogeneity discussed in Section 2.1 requires that

Ax = By = Bx = 0. Vertical coherence is assumed to imply that B, is signifi-
cantly small in comparison with A,/A and likewise ¢} is of small magni-
tude in comparison with ¢% . Hence,

e il X' = Ag' cos ¢'; x' = A sin ¢'; X'x' = A Agp' sin ¢' cos o'
( ) ¥] Py @ N g @'; X S @ ®

1 = 1 ! . 1 = i ! .
(2. 8) &l o B(px cos(o' + B); z, = B_sin(¢' + B);

z'z' = BZB‘P;< sin(¢' + B) cos (¢' + ) .
However,

1
14 1 1 1 = 1 1 .
(2.9) chSIH ¢' cos ¢' =7 (sin 2¢ )x’

<p;( sin(¢' + B) cos(¢' + B) = Zl[sin 2(o" + B)]x

and the Reynolds average of these quantities equals zero, which agrees
with (2. 4).

If the '""non-intermittancy' requirement (2. 4) is satisfied, the eddy
fluxes (1. 7) and (l. 8) in horizontally homogeneous states are simplified as
follows:



|
x--
N
c
I
X
]
1
N
X
c
c
1
=

(2.10) -w'u

zZ Z Z ef
- (x'2' -x'2') (u-u 2
( Z iz X x)( ref) 4
(2.11) -w's = x'z'u s -x'z's u-u + z'x'u s-s
Z Tz z Z ref z z ref
- (x'z' =x'z')u-u S-S 5
z z X X ref ref

The corresponding forms for K(u) and K(s) can readily be derived and need
not be written down. Obviously, the first two steps towards simplification

do not yet achieve strictly gradient diffusion nor do they guarantee equality
of eddy diffusivities.

The phenomenon of intermittancy in turbulence structure was first
described by Corrsin (1943). Itrefers to the observational fact that the
time-series (fluctuation recordings) of various turbulent variables may show
a certain level of turbulence intensity for limited periods of time only,
alternated by significantly lower turbulence levels (or nearly calm conditions)
for interspersed comparable periods of time. Yih (1969) states that inter-
mittancy, while first discovered in the outer regions of boundary layers, has
later been found to penetrate deeply towards the boundary. According to Yih
(1969) this "'spotty structure' of turbulence may occur in relation to '"con-
vergent parts of the flow.'" This is interesting insofar as the '""non-
intermittancy' requirement (2.4) is actually, at least ir part, based on the
divergence terms of the eddy displacement vector; see (1.2). Certain impli-
cations of a failure to satisfy the '"non-intermittancy' requirement will be
briefly discussed in Section 3. Also, it will be demonstrated elsewhere that
it is "intermittancy'' which dominates eddy structure in airflow below the
canopy of a forest (or other plant communities) and likewise in airflow below
roof-top level of a city, that is the part of the boundary layer occupied by
buildings acting as roughness elements of atmospheric flow.

2.3 Karman Similarity of Eddy Displacements

Equations (2. 1) and (2. 4) evidence that the first two steps towards
simplification of eddy fluxes involved the longitudinal length-scales and
their derivatives. The next step and two more which follow involve the
covariances x'z'. This term represents the ''lateral length-scale, ' accord-
ing to Lettau (1966). Firstly, consider the covariances which are parts of
the second derivative, W)zz . A boundary value of this term had
previously been identified as the eddy-structure expression of the Karman
constant; see also Section 2, 5. In view of this it is assumed that the eddy
displacement components x' and z' satisfy the requirement of '"Karman

similarity'" if



[ - [P
(2.12) x 2, X, 2y y
When ""Karman similarity'' exists in addition to horizontal homogeneity and
vertical coherence, the eddy fluxes (1.7) and (1. 8) are simplified as fol-
lows,

{2+ 12" -w'u = x'z'uu - (x'z2' - z'x')E u-u }
zZ Z z z Z ref
(2.13) -w's = x'zZ'us -x'2z's u-u +2'x' u s-s
Z-Z z z ref z z ref
The corresponding eddy diffusivities are
= = oy ot 1 ol _ ol <l e
(2. 14) K(u) x'z uZ (xzz zzx ) u uref s
e T ST I BT 37 e Lo 5
(2.15) K(s) x'z'u, -xz'u-u . t2 X u, s sref/ S, -

When the convenient abbreviation S =u_s-s __/s_u-u is introduced,
2 ret z ref

(2.15) can be restated with the aid of (2. 14) as follows,

(2.16) K(s) = K(u) - z'zx' u—uref(l - S).

Interestingly, Karman similarity of eddy structure, in addition to horizontal
homogeneity and non-intermittancy, is necessary and sufficient to achieve
gradient diffusion but only for momentum. The eddy diffusivity for admixture
will equal that for momentum when there is perfect degree of mean profile
similarity, thatis S =1 in (2.16). However, it should be noted that even
for strictly gradient type momentum diffusion there is no guarantee that

K(u) in Eq. (2.14) must always be positive.

2.4 Prandtl Symmetry of Eddy Displacements

It is proposed to speak of Prandtl symmetry if the following require-
ment is satisfied,

(2.17) x'z! = 2' %,
z 2

This nomenclature is explained by the fact that introduction of (2. 17) into
(2.12) and (2. 13) produces the equivalent of the ''classical' Prandtl-
formula of eddy flux of momentum, namely, with £ = "mixing length"

_mnl/2
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(2.18) -w'u = x'z' uu , = (£)% (u_)?

while the eddy flux of admixture is still more complicated than Prandtl's
form, namely,

(2.19) -w's = xX'z'us -2z2'x'"(s u-u -u S-S
z z Z z ref z ref

The corresponding eddy diffusivities are

(2.20) Ku) = x'z'u_ = £ u_,

(2. 21) K(s) = Ku) - z2'x' u-u__ i1 - 8).

The interesting consequence is that in view of (2. 20), eddy diffusivity for
momentum must be zero in a flow region with vanishing mean shear, while
(2. 21) shows that simultaneously, as long as s-Spef/S; U-Uref remains
finite (which means S =0 for ﬁz = 0), the eddy diffusivity K(s) can be
finite. This may suggest that if Prandtl-symmetry exists, it is restricted to
zones of uniform mean shear. Further remarks will be added in Section 3.

2. 5 Universality of the Karman Constant

The final step in the sequence of model simplifications is the require-
ment that

(2:'22) x'zz'Z = k% = universal constant = Karman constant.

Namely, if (2.17) is valid, another differentiation with respect to z
yields

(2.23) % z'+xg =2 2 $2X.1.00 LB =@ K,

zZZ Z 2 2z 2 z'z zZZ ZZ
On the other hand, the mixing length of turbulent shear flow, £, according
to Prandtl's model, is a strictly linear function of distance from the boundary
which implies that £ = const = k, and ¢ =0. Hence (22 gons 2k? . As

noted before, Lettau (1964,67) and has shownthat x'z' = £2 . Hence, with
the aid of (2.23)

'o

(2. 24) (x'z") = 23l ol & 23l gzl = 23l gl 4 2a0 3!
ZZ ZiNZ 27 zZ z ZZ

Thus, in eddy structure showing Prandtl symmetry, the universality of the
Karman constant requires that x'zzz‘ = z'ZZx' = 0.




The ultimate step towards simplification (2.22) in the hierarchy of
eddy flux models which originated with Egs. (1.7) and (1. 8) yields,

1/2/k

(2.28) ~w'un = (kz.u )%; gt (loge—ﬁ = (-w'u) ,

(2.26) -w's = (kz)? u,s, + kzz(uz B~Bupt By u-uref) .

Equation (2. 25) produces directly the logarithmic law of the mean wind pro-
file but only if the momentum-flux-divergence is negligible (which is ac-
ceptable for surface layer conditions). However, even for momentum sur-
face layer conditions, and a universally applicable mixing length, Eq.

(2. 26) shows readily that the structure of eddy flux of a scalar admixture
differs from that of momentum flux. It is important to realize than no less
than five discrete steps of specialization were necessary to develop the
simplified versions (2. 25) and (2. 26) from (1. 7) and (1.8). This suggests
that extreme caution must be exercised in any use of the simplified system.

3. Conclusions

The developments in Section 2 show that the eddy flux of fluid property
in an elementary type of turbulent flow is proportional to the respective
mean gradient only if coherence (non-intermittancy) and Karman similarity
are assumed. Horizontal (downstream) homogeneity of eddy structure and
mean flow is not an essential prerequisite for gradient diffusion. Although
momentum diffusion may be of the gradient type, it is possible and quite
likely that the simultaneous process of admixture diffusion (in the same
fluid region) may fail to be proportional to the gradient of mean admixture.

Correspondingly, the eddy diffusivities for momentum and admixture
can show significant variances. It follows most readily with the aid of
Eg. (2.16) that there are two prerequisites for K(s) being different from
K(u), namely: (1) dissimilarity of mean profile structure, or S #1, and
(2) an existing covariance between downstream eddy displacements x' and
the vertical derivative of vertical eddy displacements, zj . It can be ex-
pected that z3z, as well as z'z" must be affected by buoyancy forces
due to surface heating or cooling. Thus, conclusions based on effects of
z X' may explain the observational fact that (for example, in micrometeor-
ological surface layers over bare fields) momentum diffusivity may equal
heat diffusivity only for close to adiabatic conditions, while with the onset
of surface heating or cooling a significant dissimilarity between mean pro-
files of wind and temperature develops which appears to produce differences

between eddy diffusivities.
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Another important consequence of (2.14) and (2.15) is that eddy dif-
fusivities can be finite in flow regions of vanishing mean shear, namely,
when U, =0, but §; #0,

(3.1) K(u)(for uz 0) = (z'zx' - x'zz') u-u

ref

0 = 'z' u-
) xz uref

(3.2) K(s)(for Ez

These expressions will be valid in unidirectional flow produced by a con-
stant pressure gradient in a fluid between two parallel plates, with cross-
stream transfer of heat from one wall (maintained at relatively high tempera-
ture) towards the opposite (cooled) wall, as for example in the series of
experiments originally reported by Page et al. (1952), and extensively
analyzed by Chia and Sage (1970). Eddy diffusivities of heat and momentum
appear to be close to each other only in the vicinity of the walls (where
(s-s9/ s =u/u,, and zu, large in comparison with T), while in the
core region, including the center (where U, = 0) eddy diffusivity for momen-
tum was conclusively proven to be still finite but systematically smaller
(involving a factor of about 2/3) than eddy diffusivity for heat. Thus,

Eq. (2.16) suggests that zZx' < 0 in the core region of duct flow.

The defining eocuations (1. 1) cannot produce meaningful results if the
assumption of '"non-intermittancy' is dropped for regions of vanishing mean
shear. However, the eddy flux of momentum can remain finite, For exam-
ple, when u, <0, (2.2) and (2. 3) vield the following:

(3.3) W= (ot B sghiad +x'zz' =i x! 2 Hu-a- )i,

30 57 Z X X ref

(3.4) -w's = -x'2' s u-u + -(x'x' —=2'2' +2'2' -x'2')u-u S-S .
4 z ref X z XNz zZ Z X X ref ref

Again, the mean profile of admixture may not be similar to that of momentum.
An example for this type of flow is the upper tropospheric jet stream, for
which '"'negative' eddy viscosity has been suggested, while meridional
transfer of heat appears to follow the temperature gradient; reference is
made to Starr (1968).

The purpose of this short note is merely to outline the problem of eddy
diffusivities as seen from the viewpoint of a generalization of eddy structure
concepts. It may be concluded that there are promising aspects for a more
systematic and more detailed investigation.
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CONVERSION OF PROFILE DIFFERENCE QUOTIENTS TO TRUE

GRADIENTS AT THE GEOMETRIC MEAN HEIGHT IN THE SURFACE LAYER*

Charles R. Stearns

ABSTRACT: Theoretical profiles of wind speed and air temperature
can provide '"'synthetic measurements'' at discrete levels which
may be compared with actual field measurements. In addition to
wind and temperature gradients at any height, profile theory per-
mits us to determine the difference quotients from measurements at
discrete levels. It is shown that corrections are required to obtain
the gradients at the geometric mean height of the two discrete
levels of measurement. The correction factor depends on the
measurement height and spacing, profile structure, surface rough-
ness and the measured Richardson number. The correction can be
reduced by close spacing of the measurement levels.

1. Introduction

Profile measurements of wind speed and air temperature in the sur-
face layer are used to study profile structure and determine the flux den-
sities of sensible heat and momentum. Commonly, vertical spacing of
measurement points is so chosen that z2 = 2z; (double levels) where
zp (cm) is next above 2z; (cm). Profile structure parameters and intensi-
ties of fluxes depend on the equivalence between true gradients and the
difference quotient as determined from a wind or temperature difference
between two levels divided by the height difference. The height at which
the difference quotient is equal to the true gradient will depend upon pro-
file structure.

Lettau (1957) has used the geometric mean height defined as

zy =(2q° zz)1 2 for the height assignment of the difference quotient in
wind and temperature. According to Dyer (1967) the underestimation of

the true gradient by the difference quotient at the geometric mean height
is 2% for double levels and 7. 7% for fourfold height intervals (z, = 4z;).
Swinbank (1968) assigned gradient measurements to the logarithmic mean
height which turned out to be 2,17 m for z; =1.00 m and 2z, =4.00 m.
The geometric mean height of the two levels would be 2. 00 m. Swinbank

>FAccepted for publication in Boundary-Layer Meteorology, Vol. 1, No. 2,
1970.
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corrected the height at which the difference quotient applied while Dyer
corrected the difference quotient at the geometric mean height of the two
measurement levels., Either correction requires an assumption about the
profile structure before it can be evaluated.

The purpose of this paper is to show how the corrections will vary
with the profile structure assumptions, the surface roughness, Richard-
son's number, and the height and spacing of the measurement levels. The
method was to generate synthetic wind and temperature, then compare the
difference quotients to the true gradients at the geometric mean height.
The synthetic wind and temperature profiles were calculated under the
assumption that the fluxes of heat and momentum were constant over the
profile height.

2. Theory of Profile Structure in the Atmospheric Surface Layer

The synthetic wind and temperature profiles are based on the KEYPS
model (Kazansky and Monin, 1956; Ellison, 1957; Yamamoto, 1959;
Panofsky et al., 1960; Sellers, 1962) of profile structure with some modi-
fications by Stearns (1968).

The Monin-Obukow (1954) non-dimensional wind shear or Lettau's
(1962) diabatic influence function

¢ = ki(z + ZO)V'V*—I (1)

where k = the von Karman constant (0. 428), z = height (cm), =z = surface
roughness (cm), ' = wind gradient (sec~l) and V* = friction velocity (cm
sec‘l). The height coordinate system is chosen so that at z = 0 we have
the boundary condition ¢ =1 and V' is finite.

Integration of (1) with respect to z gives

gl z+2z,
V(iz) = Vk [In—+ &(z)] (2)
z
0
where ®(z) = foz (v-1)(z + zo)—ldz is the integral diabatic influence

function defined by Lettau (1962).

The modification of the KEYPS model by Stearns (1967) is expressed
as

$KK "R = —(z+zo)L1 (3)
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where Kp = eddy diffusivity for heat (cm2 sec'l) and K, = eddy diffusi-
vity for momentum (cm2 sec"l). The Richardson number (Ri) is defined
as

e -1 . n=2
Ri = gT "6'V (4)

where g = acceleration of gravity (cm sec'z), Tm = mean temperature of
the air layer (K), and 6' = potential temperature gradient (K cm™! ). L is
the LMO length scale of turbulence (Neumann, 1964) defined as

L= g'lk‘1 P Cp Lo Qo”l v*3 where Cp = specific heat of air at constant

pressure (cal g‘1 K'l), p = air density (g cm'3), and Qq = sensible heat
flux (cal cm—2 sec‘l).

Solving (3) and (4) for the potential temperature gradient, one obtains

* -1 -1
! = -

0 T K K oz +2z) (5)
where T* = k-1 p_l cl;l QOV*'1 (deg K). At z =0, 0', V' and Ri are
finite. The diffusivities K and Kp are defined as

K, = _ kT Vet (6)
and

g 0! xclifflsgimdag (7)

m

Integration of (5) with respect to height yields

z+ 2

where 6, is the potential temperature (K) at z =0, and &(z) =
foz KmK;ll(cb - 1)z + zo)_ldz is the integral diabatic influence function
for the temperature profile (Stearns, 1967, 1968). If K, = K, then
& = ® and the wind and temperature profiles are similar. An alternate
assumption considered here is that KhKn;I = ¢ (Stearns, 1967) as
an example of wind and temperature profiles which are not similar.

The KEYPS model gives the relationship between ¢ and (z + zO)L_
as

o(1 - ¢'4)/18 = - (z+ zO)L (9)

which is used to obtain ¢ given z + zg and L (Stearns, 1969).
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Shape factors for profile structure (Lettau, 1962) are the Deacon
numbers defined as

DEU=-dInV'/d 1n(z+zo) (10)

for the wind profile and

DET = -d In 0'/d 1n(z+zo) (11)

for the temperature profile. Theoretical values at a given height depend
on ¢ (Stearns, 1967) as

DEU = 46 1% 36 0 (12)
DET = DEU for K =K_, and

DET = 1.5 DEU - 0.5
_ Hng 173
if Kth = ¢ ; (13)

3. Procedure

The synthetic wind and temperature profiles were calculated using
values of g =273.16K, P =1000 mb, g =980 cm sec” 9 = 0.05 or
1.0 cm, with v* and T changed systematlcally to vary L5 ¢ is
determined from the assigned value of z + 2z by ©). The discrete levels
were chosen as zj;] = nz; where i is an index increasing with height,
z; = 5.0 cm for i =1, while n was chosen either as N2, 2 or4. @
and &7 were determined from ¢ (Stearns, 1969). Using V¥ and zg,
the wind speed was computed at zj + zg using (2) and the potential
temperature by (8) with either one of the two assumptions about KhK

Given V(zz), V(z;) and 6(zp), 6(zy), the difference quotients Vp,
for wind and 6, for temperature were calculated as

)= [V(z2 + zo) - V(zl + zo)]/[z2 - zl] (14)

0 '(z..+2 ):[e(zz+zo)—ez +z, ]/[z = l]. (15)

The true gradients Vg and 67 at the geometric mean height of the two
levels zj; = (zlzz)l/2 were determined from (1) and (5), respectively.

The ratios of VT'/Vm' and erf/em' were calculated to obtain the correc-
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tion.factor. The measured Deacon numbers DEUm for wind and DETm
for temperature were determined as

o -dln Vm'/d ln(z12 +zo) (16a)

oy 1
m d In em/d ln(z12 + z,

DEU

DET hE (16b)
The true values of DEUT, DETT were determined by (12) and (13) where
¢ is determined from (9) at z;3 = (2’ 223)1 Z the geometric mean of
the heights assigned to V., and 6, .

Richardson numbers were calculated for comparison with Deacon
numbers. They were assigned the geometric mean height of the Deacon
numbers z;; and were determined from the following equation.

g[e(z3+z )—ez +z ][z - ]

0

2
Tm[V(z3 + zO) & V(z1 + zo)]

4, Results

Consider the adiabatic case where 6' = 0. Let z, = nz, then
z), = z;Nn where n = alternately 2, 2, or 4.

From (1) we have that

V! = v*k'l( + 2z )'1 (18)
T " a4y
and from (14) that Zz +zo
V k In ( )
ZI+ZO
vm' 1 zZ -2 ¥ )
2 1
Then
(2, - 2;)
2 1
1 ! =
VT/Vm N z_+ 2z (&0)
(z..+2z.)In (u)
12 0 zl+z0

The height z where VT'/Vm' = 1 follows as

ZZ+ZO
Z+Z0 = (ZZ—ZI)/ln(£I+—Z()). (21)
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The correction factor for the measured value e assigned to the height
z12 as obtained from (20) depends on zg , 2 and zy . Table I illustrates
the ratio Vr_['/Vm' for several height arrangements, employing zg = 0. 05
and 1.0 cm. Swinbank's height of 2. 17 m for the difference quotient cor-
responds to n =4 in Table I which, when applied to z; = 1.0 m and

zp = 2.0 m, gives 2,17/2.0 = 1,085, Dyer's estimate of 2% error for

n = 2 is confirmed, but his 7. 7% error for n = 4 does not agree with
either Swinbank or Table I. The correction factors in Table I remain within
1% for zp = 1.0 cm. Interestingly, when n = N2 the required correction
factor on V' is negligibly small for the selected profile structure which
illustrates the importance of closely spaced measurement levels.

Table I. The ratio V'7/V}, for zg = 1.0 and 0.05 cm for geometric height
intervals where 2z (cm) = nzj (cm). The height variation reflects the de-
pendence of the ratio on z; .

VI VI
T/ m
zO:1.O ZO:O.OSCm
n z1 = 5.0 5.0 n 5.0 n? 5310 5.0 n 5.0 n?
\/2 1.006 1.005 1. 005 1.005 1. 005 1.005
2 1.022 1.021 1.021 1.020 1.020 1.020
4 1.089 1. 084 1.083 1.082 1. 082 1.082

The correction required to obtain the true gradient at the geometric
mean height of the measurement levels varies systematically with Rip,,
as illustrated in Figure 1 for lapse conditions (Ri, < 0). The dependence
of the correction factor on height is not shown but is similar to the results
in Table I as Ripy varies. Plots of @'t/0', or V'p/V'y, versus 0'y or
V', do not show a continuous variation in the correction factor.

Table I yields an error of less than 1% for Rip <0 . The assumption

that Kth—l = ¢‘1/2 alters the results in Figure 1 by less than 1%, which
is considered insignificant.

During inversion conditions (Riy > 0) the correction factor does not
behave as nicely as for lapse conditions. Figure 2 shows the correction
factor as a function of Rip exemplified by the case for Kth'l = g=1/2
The correction factors for the adiabatic profile hold to within approximately
1% out to Rip = 0.01. This would be satisfactory for most purposes.
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110

25=1.0
Ky /K=

1.08|

1.06

1.04

CORRECTION FACTOR

z,=llcm, 2,222,

1.02¢ //_j

z,=llcm, z,=1.414 z,

1.00

-.0 0.l -0.0l -0.00!

Fig. 1. The correction factor required to obtain the true gradient from
the difference quotient of wind and temperature at the geometric
mean height as a function of Rim for Ri, <0. The levels used
are z, = nz, where n =~2, 2 or 4. Since Kp =Ky, , the same
correction factor applies to both the wind and temperature differ-
ence quotients.

The corrected difference quotients may also be used for determining
the heat and momentum flux or determining Ri and L-1 from (3) (Stearns,
1969).

The gradients V'vr and @'y at the geometric mean height of the two
measurement levels can be calculated from

[V [z, -z ]

: _ m 2 1
Vipl2, 5 + Bp) = z +z Gl
[z12 + ZO][ln?_l_—z';)' + <]?'(ZZ) - @(Zl)]

and
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1.10| z,=8 cm, 2,=4z,

1.08|

CORRECTION FACTOR

0.98\7 o ey il )—AJI

Fig. 2. The correction factor required to obtain the true gradient from the
difference quotient of wind and temperature at the geometric mean
height as a function of Ri, for Rip > 0. The levels used are
z, = nz, where n=~2, 2, or4. KK -l -¢~1/2 . theref

2 " y oty . KpKn o ; therefore
the wind and temperature difference quotients do not have the
same correction factor at the same Rip, .

o' [z -2 ]
, o m_ 2 1
eT(z12 + zo) = zz pig (23)
-
[z12 +zo][1nz g + @T(zz) T(Zl)]

1 0

Ri calculated from the corrected difference quotients will be correct for the
assumed profile structure.

The error in DEU and DET was checked but found to be insignificant.
When using a geometric spacing, Figure 3 shows the theoretical value of
DEUT and DETT vs. Rip and the results obtained by using the measured
values of DEU, and DET, vs. Ri,, for inversion conditions. It
should be remembered that three measurement levels are required for cal-
culating DEU,, and DET,, while only the two extreme levels are used for
determining Rip, . The error is not significant for lapse conditions using
a geometric spacing of levels.
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7, =1.0em, K/K.= "*

THEORETICAL

0.8+
.................. 2,222, 2,721,
MEASURED

o.6- 2,742, 2,742,

0.4

= 02F
ol
S|
ol oot

-0.21

-0.4

DET

-0.6

Fig. 3. Deacon number for wind (DEU) and for temperature (DET) as a
function of Ri. The profile structure results are influenced by
the instrument spacing.

The Deacon numbers can be assigned to the same geometric height
as the Richardson number only for a geometric spacing of the measurement
levels. Thus the geometric height of Riy, is zy3 = (27 23)1/2 , while
that for the Deacon numbers is zj3 = (272 223)1/2 . For z13 =223

we have that (z; - z3)2 =z zéz © 23 but this is only true when a
geometric spacing of measurement levels is used. A linear spacing of
levels will result in a geometric height for Deacon numbers which differs
from that for the Richardson number.

It is apparent from Figure 3 that the selected levels will influence the
theoretical results significantly except for the case where z, = \/Zzl ~
This relationship is not illustrated in Figure 3 because the departure from
the theoretical curve was not apparent.
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5. Conclusions

Equating the difference quotient to the gradient at a given height re-
quires a knowledge of how the wind or temperature varies between the two
points. In the case of wind and temperature profiles, the value of the dif-
ference quotient for either can be corrected by the use of the adiabatic
correction factor given in Table I without introducing an error larger than
1% for a Richardson number ranging from approximately -1.0 to +0.01.

Close spacing of measurement levels reduces the correction required
to obtain the true gradient at the geometric mean height. If, for example,
between 25 and 400 cm, a micrometeorological mast is to be instrumented,
seven intermediate levels should be selected at 35.4, 50.0, 70.7, 100,
141, 200, 282 cm, rather than the common three levels at 50, 100, and
200 cm.

The data from different profile systems and surface roughnesses should
be corrected before comparisons are made between the systems either for
profile structure or for heat and momentum flux determinations.
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THE EFFECT OF TIME-VARIABLE FLUXES ON MEAN WIND AND

TEMPERATURE PROFILE STRUCTURE

Charles R. Stearns

ABSTRACT: Synthetic wind speed and air temperature profiles based
on the sensible heat flux density and stress at the surface are aver-
aged for the four possible ways in which the surface stress and heat
flux density can vary maintaining the same average values. The
analysis of the averaged wind and temperature profiles shows that,
when the surface stress and/or heat flux density are time-variable,
and wind speed and air temperature are averaged linearly, an erron-
eous estimate of surface roughness, surface stress, heat flux den-
sity and profile structure parameters will result.

1. Introduction

Mean profile measurements of wind speed and air temperature near
the earth's surface are often used to study profile structure and to esti-
mate the flux densities of momentum and sensible heat. The measurements
usually consist of the wind speed and air temperature at several vertically
spaced levels above the surface averaged linearly for ten to thirty minutes
or more. During the averaging time the surface values of heat flux density
and stress may be changing. The resulting mean wind and temperature
measurements do not necessarily represent the equilibrium profile for the
average stress and heat flux density.

The purpose of this paper is to show that, for profile measurement
averaging times during which the fluxes of heat and momentum are varying,
the analysis of the mean wind and temperature profile will not yield the
mean fluxes. The measured profile structure will be different from the
equilibrium profile structure for the mean surface fluxes.

2. Synthetic Profiles

Synthetic wind speed and air temperature profiles were computer gen-
erated following the method used by Stearns (1970a). The profiles are in
equilibrium with a surface roughness of 1. 0 cm which corresponds to
mowed grass. Table 1 gives the values of temperature and wind generated

25
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Table 1. Surface stress (v, dynes cm=2) and sensible heat flux den-
sity (Qqp, ly min-1) used to obtain the LMO (L, cm) length scale of
turbulence from which wind speed (V, cm sec~!) and potential air tem-
perature (9, deg K) were computed at selected heights.

To 9 9,0 9320 Va0 V320 /L
0.500 0,100 ~1.867 <~3.200 134;4 231,68 1.07% 103
0,200 . «3,633, .~5,750._ . 130. 8B 214.2 . 2.15% 1073
00300 > o8, 13142 =8, 46571029, 8:/11 202, 014l 3122 o 1073
1. 00 QopGov owdyddd s 525451 193,51 353,00 380X 1074
0.200 -2.662 -4,678 191.6  336.8  7.59 X 1
0, 30020 309883 ve 665 768 189.7 324.9 1.14 X 1073
1.500 0.100 -1.101 =-2.058 237.8 444.6 2,07X 1074
~4
0,200 -2.192 =3,984 236.8 430.2 4.13¥X 10
i
0.300 . -3.272 -5.819 236.6 419.0 064205010
0.500 =-0.025 0. 486 1.071 139.5 293.0 -2.68 X rord
-0. 050 0.975 2,333 O 140.4 . 336,05, 37.% e
-0.075 1.492 5.384 "~ 14155 ~11389,7 ' -8, 05X 1074
1.000 -0.025 0. 343 0.683 196.7 388.5 -0.49 X 185
-0. 050 0. 686 1, 438" 1997, 0" 481.3 " =190 ¥ 1074
=
-0.075 1.032 2.301 193030 42 Bone2: 85%¢ 10
1.500 -0.025 0.280 0.547 240.8 469.9 -5.17 X 107>
4

-0. 050 0.559 I 121 240 .9 2Tl 1,03 ¥I0
-0.075 0. 840 1.726 241.1  485.3 -1.55><10'4

620 and 63, are converted to deg C by subtracting 273, 15K, the
assumed temperature at z = 0.0 cm.

V2o and V3 are in cm sec_l. The subscript refers to the
nominal height in cm.
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at 20 and 320 cm so that the variability of the wind speed and air tempera-
ture for the several assumed flux values may be apparent.

The profiles were computed using a potential temperature = 273,15 K
at z = 0, surface pressure = 1000 mb, acceleration of gravity = 980 cm
sec"z, and specific heat of air = 0. 24 cal gm-1k-1 | The wind profile
equation was

z + z
V(z) = Vk 1[n 0
%0

+ @(2)] (1)

where V(z) = wind speed (cm sec‘l) at the height z(cm), k = 0.428
the Karman constant, v = (“ro/p)l/2 = friction velocity (cm sec~1 ),

-2
where Tg'= surface stress (dynes cm ) and p = air density (gm cm‘3).
® is the integral diabatic influence function for wind (Lettau, 1962;
Stearns, 1970a). The potential temperature profile equation is

* z+2z

9(z)=60—T [1n (

7 Bglal (2)

where 06(z) = the potential tempereiture (deg K) at the height z, 6, = the
potential temperature at z = 0. T  =k~1 cpQo v¥-1 where c, = the
specific heat of dry air at constant pressure and Qg = sensible %eat flux
density (ly sec~1). @7 is the integral diabatic influence function for the
temperature profile (Stearns, 1970a).

The theoretical background for (1) and (2) are given in sufficient de-
tail by Stearns (1970a, b). The synthetic profiles for lapse conditions
(Qp >0) assume the eddy diffusivities for heat (Kp, cm? sec~l) and
momentum (Ky, , cm? sec-l) are equal. The inversion profiles (Qp <0)
assume that the Kp/Kp = ¢'1/2 where ¢ is Lettau's (1962) diabatic in-
fluence function (Stearns, 1970a).

The profile wind and temperature were averaged for four possible
variations in Qp and Ty . The average value of Qp was 0.200 ly min~1
for lapse and -0. 050 ly min-1 for inversion, T always was 1.0 dynes

-2
oo,

Table 2 identifies the five cases and gives the values of 0 and Qg
used to obtain the mean wind speed and air temperature for each of the
above cases. Case I was the original generated synthetic profile and
served as a test case for the analysis method. The linear averaging is
equivalent to having each of the extreme profiles measured for 50% of the
recording period.
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Table 2. Surface stress (v, dynes cm’z) and sensible heat flux den-
sities (Qqg , ly min~!) used to generate synthetic profiles which were
then averaged to obtain profiles which could occur for the same surface
average of tg and Qq .

Case Lapse Inversion
I o 1.0 1.0 constant
QO 0. 20 -0. 05 constant
II TO 1.0 1.0 1.0 1.0 constant
Qo 0.10 0.30 -0.025 -0.075 varying
III o L. 5 0.5 1.5 0.5 decreasing
QO 0.10 0.30 -0.025 -0.075 increasing
I\ TO 1 x5 0.5 1315 0.5 varying
QO 0.20 0.20 -0. 05 -0. 05 constant
\% o 1.5 0.5 155 0.5 decreasing
QO 0.30 0.10 -0.75 -0. 025 decreasing

3. Profile Analysis

The wind and temperature profiles for the two sets of five cases were
analyzed using the method described by Stearns (1970a). The profile
structure assumptions used in the analysis method were exactly those
used to generate the synthetic profiles.

The results are presented in Table 3. Case I was compatible with
the assumptions used and the tolerance of 0. 001 cm allowed in the deter-
mination of surface roughness (zg;, cm) and 0.01 cm for displacement
height (d, cm). The analysis method is the same for all profiles and is
not biased by independent ideas of what the answers should be. The re-
sults assuming zy = 1.00 cm and d = 0. 0 do not represent an improve-
ment.

The poorest conditions are obviously Case III where high wind stress
with low heat flux density is combined with low wind stress and high flux
density. This is also the least likely of the set to occur in the surface
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Table 3. Results of profile analysis for the five cases of synthetic wind
and temperature profiles. Case I serves as a test of the analysis method.
The average surface stress (tp) is 1.000 dyne cm'Z, the surface sensible
heat flux density (Qg) average is 0.200 ly min~! for lapse and -0.050

ly min~1 for inversion for all cases. The surface roughness (z , cm),
surface stress (T dynes cm’z), sensible heat flux (Q, ly min‘?) and the
inverse of the LMO length scale of turbulence (1/L, cm-1) determined by
the aerodynamic method are given for lapse and inversion conditions for
each case. The surface value of 1/L is 7.60 X 10-4 cm~! for lapse and
-1.90 X 104 cm~! for inversion conditions. The second set of values
for v, Q and 1/L were determined using zg = 1.0 cm and d = 0.0 cm.

Case I I 111 v v
Lapse
zo 1. 000 1.072 1. 337 1. 109 1.033
d ~0. 001 0. 451 2.197 0.813 0. 202
4 1. 000 1. 029 1. 036 0, 964 0.947
0 1. 000 1. 000 0.915 0. 934 0. 924
" 0.199 0.196 0.215 0. 205 0. 189
0.199 0.192 0.194 0.187 0.197
-4 7.59 7.15 7.70 8. 22 7.80
1/Lx 10 7. 59 7.01 8. 04 7.83 8. 34
Inversion
20 1. 002 1.013 1. 340 1. 035 Ik 1835
d 0. 024 0. 159 2.517 0. 280 3. 392
T 1. 000 1. 004 1. 047 0. 946 Lic L
1. 000 1. 000 0.936 0. 934 0.943
& ~0. 050 -0. 052 -0.101 -0. 047 0. 026
-0. 050 -0. 052 0. 091 -0. 046 ~0. 065
ix 10-t 7190 2. 00 -3.83 -1.96 -2 86

=190 -2, 00 =3,97 -309% ~2,61
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layer but has been observed about sunrise at La Joya, Peru where the
sensible heat flux density is increasing and the nighttime katabatic wind
speed is decreasing (Stearns, 1969).

The most likely to be observed is Case IV where the sensible heat
flux density is constant over the averaging time but the wind speed or
stress varies as presented in Table 1. These are realistic changes in
wind speed over time periods of a few minutes and are easily exceeded
under even what are often considered steady conditions. The error in
estimating T is larger than would be expected considering that instru-
mental error is not allowed.

The measured Richardson number (Ri) defined as

r— =1 =2
Rl—ng 0'V (3)

where T,, = mean temperature of the profile (deg K), ' is the difference
quotient for temperature and V' is the difference quotient for wind, is
used to determine 1/L where L =g~ lk-! cp Tm Qo"l v*3 (Stearns,
1970a). The measured Ri is partially corrected to the true value at the
geometric mean height of the measurement levels to obtain 1/L (Stearns,
1970b). It is obvious from Table 3 that while the mean surface fluxes
yield one value of 1/L only Case I agrees and the others are in error and
the actual value of zp and d does not materially improve the results.
Figure 1 illustrates the variations of Ri with height for each case.

In view of the discrepancies between LMO determined from the aver-
age surface fluxes and LMO determined from the wind and temperature pro-
files, it is suggested that the symbol Ly refer to the value of LMO deter-
mined from average surface fluxes. L determined from profile measurements
will not necessarily agree with the surface value L.

The Deacon number for wind defined as

DEU = -dInV'/dIn(z +2,.) (4)

0
was calculated using the difference quotients determined from adjacent
levels., Figures 2 and 3 present DEU as a function of height for lapse and
inversion conditions respectively. Case I agrees with the theoretical value
for both conditions. Figures 4 and 5 are similar presentations of the Deacon
number for the temperature profile defined as

DET = -dlne'/dln(z+ z.) . (5)

0
Figure 6 compares DET to DEU. Lettau (1962) has shown that

dln(Kh/Km)/d 1n(z+zo) = DET - DEU . (6)
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Under lapse conditions DET = DEU for Kh/Km =1 so (6) is zero. Under
inversion conditions the assumption that Ky/Kp, = ¢'1/2 results in

DET = 1.5 DEU - 0.5 (7)
which yields
d ln(Kh/Km)/d In(z + zo) = 0. 5" BEU - 0..54 (8)

The results in Fig. 6 for Cases II, III and IV under lapse conditions show
that one would conclude that the ratio Kp/K,, increases with height while
under inversion conditions one would conclude that Kn/Kp, decreases with
height more rapidly than the actual assumption. Figure 7 shows the actual
values of Kn/Kp, for the five cases under lapse and inversion conditions,
respectively. The ratio is not 1. 0 at z = 0 as the aerodynamic values T
and Q are used rather than the surface values. Cases I and V thus have a
Kn/K, value of . 995 rather than 1.0 for lapse conditions.

A common method for deducing profile structure is to present DEU and
DET as a function of Richardson's number (Ri). Figures 8 and 9 present the
results for lapse and inversion conditions. Cases I and V agree very
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Fig. 7. The ratio Kh/Km as a function of height. Case I for lapse and in-
version temperature structure is the theoretical curve used for
constructing the wind and temperature profiles.
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Fig. 8. DEU and DET as a function of Ri for lapse temperature structure.
The heavy black line is the theoretical curve used to construct
the wind and temperature profiles.

closely with the theoretical curve used to construct the profiles. Cases
II, III and IV for lapse conditions indicate that the profile structures for
wind and temperature are different. In Fig. 9 for inversion conditions
one would conclude that for Cases II, III and IV the structure was

quite different from the actual structure. Case IV represents the usually
expected conditions (stress varying, heat flux constant) and possibly
will be the most misleading.

4, Conclusions

Profile measurements of wind and temperature in the surface layer
may be used for determining surface stress, sensible heat flux density
and profile structure only if the wind speed and air temperature are
linearly averaged over periods of time such that the surface stress and
sensible heat flux density are nearly constant.
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It is apparent that if wind speeds and air temperatures are averaged
linearly over periods of time with varying fluxes, the following cannot be
reliably determined:

a) the surface roughness,

b) the surface stress,

c) aerodynamic sensible heat flux density,

d) the value of 1/L from Richardson's number and profile theory,

e) the ratio of the eddy diffusivities for heat and momentum,

f) the shape vs. scaling factors for determining profile structure.

A knowledge of the frequency distribution of the wind speed and air
temperature should indicate the direction of the error and would allow the

selection of those '"best profiles'' for analysis which reveal a relatively
narrow monomodal distribution as compared to the mean value.

Fig. 9. DEU and DET as a function of Ri for inversion temperature structure.
The heavy black line is the theoretical curve used to construct the
wind and temperature profiles.
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There are large quantities of profile data collected in the surface
layer which have been analyzed to determine the above items. The dis-
crepancies in the data are large and it is suggested that some of the
discrepancies may be due to the common linear averaging process rather
than a poor site or poor instrumentation. The problem is to determine
when profile data was averaged over time periods with constant fluxes.
Simple criterion such as a monomodal distribution of wind speed and air
temperature must be used for determining when the fluxes or the wind

speed and air temperature are sufficiently constant over the averaging
time to provide fluxes within a desired tolerance.
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INTERCOMPARISON OF FLUX DENSITIES OF HEAT, MOISTURE AND

MOMENTUM AT DAVIS, CALIFORNIA, 1967

Charles R. Stearns

1. Introduction

The Atmospheric Sciences Laboratory, U.S. Army Electronics Command,
Fort Huachuca, Arizona sponsored a field experiment at the University of
California, Davis from April 24 to May 6, 1967 known as the 1967 Coopera-
tive Field Experiment. One of the purposes of the field experiment was to
make intercomparison between several methods for measuring flux densities
of sensible heat, latent heat and momentum. The results here presented
are comparisons between profile estimates of the three above fluxes com-
pared to a shear-stress lysimeter for stress, heat budget estimates of
sensible and latent heat flux determined from a weighing lysimeter (Brooks
and Pruit, 1966).

The profile data consisting of wind speed, air temperature and wet bulb
temperature at nine levels to 320 cm at three points 100 m apart on an equi-
lateral triangle are described by Stearns and Dabberdt (1967). A site
description has been given by Brooks and Pruitt (1966).

2. Stress

Initially the aerodynamic stress (t ., dynes cm—z) was determined by
the method described by Stearns (1970) where the surface roughness (z ,
cm) and displacement height (d, cm) are determined so that the sum of the
error squares on the friction velocity (V¥, cm) were a minimum. There were
several occasions when zg, d and To values were unrealistic when com-
pared to the stress lysimeter and anemoclinometer (Tanner, 1970). Conse-
quently, a value of zp = 0.9 cm and d =0.0 for mast 1 and 2, and 2.0 cm
for mast 3 were assumed to be reasonable and the stress recomputed.
Figure 1 compares the average stress for the three masts to the stress as
determined by the shear-stress lysimeter. All available data points were
used for the indicated time period.
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Fig. 1. Comparison between surface stress determined by the aerodynamic
method assuming KpK, = = ¢‘1/2 and by the shear-stress lysimeter
for 30 minute means collected at Davis, California. The light line
at a 45 deg. angle indicates a 1:1 ratio.

It is to be expected that the shear-stress lysimeter is more likely to
have a zero error than the profile method because of the difficulty in determ-
mining the zero position on the lysimeter as compared to determining zero
wind speed. Figure 1 indicates the possibility of a zero error in the lysimeter
amounting to less than 0.1 dynes cm~™ -2 . The trend of the data in Fig. 1 indi-
cates that the aerodynamic stressis about0. 2 dynes cm‘2 h1gher than the
lysimeter stress. The assumption that Kp/Kp =1 or ¢ (Stearns,

Section 3) does not alter the stress value significantly but a lower value of
Z( and/or d would. Reducing the stress by changing zp and d would
reflect lower values in the sensible and latent heat flux estimates by the
aerodynamic method.

3. Sensible Heat Flux

An absolute measurement of the sensible heat flux density from surface
to the air was not available compared to the shear-stress lysimeter for stress
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and the weighing lysimeter for the latent heat flux density. The method
readily available for comparison to the profile measurement of the sensible

heat flux density is the heat budget approach.

The surface heat budget may be expressed as

Rn = SO+Q0+E0+PO (1)
where

Rn = net radiation

S0 = soil heat flux density

QO = sensible heat flux density

EO = latent heat flux density

P0 = photo-chemical flux density

in units of ly min~1 . Py is neglected and assumed to be zero. The Bowen
ratio QOEO"1 is determined from 30 min mean potential temperature and spe-
cific humidity gradients, and the assumption that the eddy diffusivities for
heat and moisture are equal. The set of equations used are as follows:

Sl s 1
QO = p Cp Khe (2)
where
! : -3
p = air density (gmcm ")
cp = specific heat of air (cal gm-1 k-1
Kh = eddy diffusivity for heat cmz Bih -
6 = potential temperature gradient (k cm_1 ),
and
ed 1
EO g adlp Keq (3)
where
L = latent heat of vaporization (cal gm_l)
2 -1
Ke = eddy diffusivity for moisture (cm min )
q' = specific humidity gradient [(gm H, O/gm air) cm_l] :
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-1 _ S IS S |
Then QOEO —+cp Khe L ke q
B -1 -1 . -1
= ch KK, ea -, (4)
and (1) becomes
R -8
0 0
Q. = 5 (5)

0 1

1+ cp 1L Kh 1Kee'q'
The assumption is made that KeKh"1 = 1. Then Qg at one mast is the sum
of the Qp's calculated for the temperature and moisture gradients calculated
from 30 minute mean measurements at (20, 40), (40,80), (80,160) and (160,
320) cm levels. The three values at each of the three masts are averaged

to obtain a final value for the 30 minute period which is assumed to be
representative of the area enclosed by the three masts.

The three obvious deficiencies in the method are: 1. the difficulty
inherent in measuring net radiation, 2. the assumption that KgKyp = =1,
and 3. the assumption that the net radiation is the only source of heat.

The sensible heat flux density by the profile method is

= -1/2 2 ]

QO = —cp¢ TOGV (6)
where ¢ = the diabatic influence function (Lettau, 1962; Stearns, Sections
2 and 3), -1

V' = the vertical wind shear sec
- -1/2 -1 -1
The assumption is made that KpKp, EL ¢ / where Ky =Ttgp V' is

the eddy diffusivity for momentum. QO is calculated utilizing eight values
of V' and 6 and -1-0‘1 determined for the profile using the method in
Section 2. The mean of the three profile masts is then assumed to be rep-
resentative of the area enclosed by the three masts.

Figure 2 compares the sensible heat flux density obtained by the heat
budget method to that obtained by the aerodynamic method. All points are
included except those which overlap others especially under inversion con-
ditions (Qp <0). The usual scatter is present but under lapse conditions
(Qp > 0) it appears that the aerodynamic method results in slightly higher
values. This may be due to the high value of T , the underestimation of
net radiation or the horizontal advection of sensible heat into or out of the
area enclosed by the three masts. There are differences between the three
masts, but it is not yet known if the differences are significant.
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Fig. 2. Comparison between sensible heat flux densities determined by
the aerodynamic and by the heat budget methods. The 45 deg.
line indicates a 1:1 ratio.

4, Latent Heat Flux

The aerodynamic method for determining the latent heat flux (Ep , ly
min-1) is based on (3) and the assumption that KeKh—l = 1. Then

= =1 1 1—1
EO—LCp Qoqe (7)

with q' and @' determined from the same measurement points, Qg was
previously determined for the particular mast system. The final value

for each mast is the average using the several gradient measurements.

The values for comparison to the weighing lysimeter, Fig. 3, are the three
mast average with the exception of 30 min periods when the values at mast
3 are obviously in error due to partially dry wet bulbs. Figure 3 shows
that the weighing lysimeter tends to yield slightly higher values of latent
heat flux density. One could attribute this difference either to the hori-
zontal advection of sensible heat into the area or possibly the ratio
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KeKh_l is not equal to 1. The assumption that KeKrr;1 = 1 results in
still lower aerodynamic estimates of the latent heat flux.

The use of Qo means that (7) reduces to

E, = - L¢—1/21- vl (8)

0 0
i o AL/E : . .
where K Kp, =4 . Now if Eq is to be increased, then T¢ would
have to be increased which is at variance with Fig. 1. The scatter of
Fig. 3 is large but to remove some of the data requires a reason which is
not yet apparent. Periods with a low variance in wind direction or air tem-
perature might provide the most reliable values (Stearns, Section 3).

Comparisons of the latent heat flux densities by the heat budget method
to those by the weighing lysimeter are given in Fig. 4. The indication is
that the heat budget method is approximately 20% low. Figure 5 compares
Eg + QO for the profile method to that by the heat budget indicating that
the heat budget estimate again is low.
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Fig. 3. Latent heat flux density by the aerodynamic method compared to the
weighing lysimeter. The 45 deg. line indicates a 1:1 ratio. Nega-
tive values were near zero and not included.
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Fig. 4. Latent heat flux density by the heat budget method compared to
the weighing lysimeter. The 45 deg. line indicates a 1:1 ratio.

5. Conclusions

The scatter in the data indicates the difficulty in drawing conclusions
about ratios such as K Km'l, KeKm_l and KeKh‘1 . The assumption that
KeKm_l = Kth‘1 = ¢'1 gives solutions for all times under lapse and
inversion conditions which compare within approximately 20% to the shear-
stress and weighing lysimeters. The profiles have not been selected in
any way but such a procedure as using only periods with small deviations
in a parameter such as wind speed, wind direction or air temperature might
eliminate some of the scatter in the data. Lettau (Section 1) points out
some of the requirements necessary to use diffusivities and Stearns (Sec-
tion 3) shows how linear time averaging of wind speed and air temperature
can drastically alter the diffusivity ratios yielding misleading results which
are in the directions accepted by many investigators (Lumley and Panofsky,
1964).
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DIURNAL THERMO-TIDAL WINDS OVER SLOPING TERRAIN*

Kenneth P. MacKay, Jr.

ABSTRACT: This study presents an extension of Lettau's (1964,
1967) theory of thermo-tidal winds, defined as winds in the
boundary layer caused by diurnal solar forcing and of large enough
horizontal extent so that Coriolis effects are important. Specific-
ally considered is the case of diurnal solar heating in the atmos-
pheric boundary layer over continental areas with a large scale
terrain slope.

The first harmonic of the geostrophic wind oscillation is derived
from an expression for the vertical propagation of the diurnal tempera-
ture wave in the boundary layer over sloping terrain. While this
geostrophic forcing function has an afternoon maximum over the
Great Plains, investigation of the response shows that the wind
has a nighttime maximum. Analysis of available data shows that
those observation periods for which the observed temperature dis-
tribution conformed with model criteria showed fairly good agree-
ment between observed and predicted wind oscillation character-
istics. Conversely, those periods during which the observed tem-
perature distribution did not conform with model criteria were not
characterized by wind distributions which approximated those
predicted by the model.

An attempt has been made to combine the effects of diurnal os-
cillations in geostrophic wind and internal friction by using in the
equations of motion an height-independent eddy diffusivity for
momentum which has a sinusoidal oscillation in time. It is found
that the mean wind and the first and second harmonic oscillations
are mutually coupled. The 24-hour hodograph corresponds to a
slightly modified Ekman spiral if reasonable values of the amplitude
of the eddy diffusivity oscillation are used. The first harmonic wind

*Portions of this paper have been extracted from a Ph. D. thesis by Kenneth
P. MacKay, Jr., entitled '"Thermal Tidal Winds over Sloping Terrain"
(1970), submitted to the Department of Meteorology, University of
Wisconsin.
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oscillation is, in general, greater than the response to an oscillat-
ing geostrophic wind alone, but the theoretical wind response has
a complicated relationship with latitude and eddy diffusivity oscil-
lation amplitude. Data indicate that theoretical second harmonic
wind amplitude and phase profiles approximate those observed, but
the theoretical model in its present form is insufficient to explain
these features.

1. Introduction

Evidence of diurnal wind oscillations in the planetary boundary layer
has been reported in Africa (e.g. Goualt, 1938), South America (Lettau,
1967), and North America (e. g. Blackadar, 1957 and Bonner, 1968).

Over the United States these oscillations are most pronounced over
the Great Plains in summer (Bonner, 1968). The southerly nocturnal wind
maximum at about 500 meters above the ground surface seems to be asso-
ciated with summer nocturnal thunderstorms in the area (e.g. Bleeker and
André, 1951, and Pitchford and London, 1962).

Darkow and Thompson (1967) have suggested that the boundary layer
wind oscillations over the United States may propagate upward and excite
the oscillations in the free atmosphere found by Hering and Borden (1962).

The influence on boundary layer wind oscillations of the large scale
terrain slope from the Rocky Mountains to the Mississippi River has been
recognized by Lettau (1964, 1967), Holton (1967), and Paegle (1969),
among others.

The equation of motion describing accelerations of the horizontal
wind is written in complex vector notation as

= < g QP T

g @ foftsllYye 2z’ (1.1)

where V =u + iv is the complex horizontal wind vector, p the density
for dry air (assumed constant), P pressure; f = 2w sin ¢ is the Coriolis
parameter,  the angular velocity of the earth, ¢ latitude, T =1+ iTZ
the shearing stress vector, i = (—1)1/2, x and u are positive
along the real axis, y and v along the imaginary axis. The subscripts
1 and 2 are used where necessary to avoid confusion tc denote vector
components along the real and imaginary axes, respectively. The two-
dimensional operators are: d( )/dt = ( )¢ +ul )y + v )Y , the derivative
following the mean motion; V5 = ( )y + i( )y , the horizontal gradient
operator; subscripts denote partial differentiation with respect to the
subscripted independent variable.
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The first term on the right side of (1. 1) expresses the influence of
horizontal pressure gradients. . It is convenient to express the pressure
gradient force in terms of the geostrophic wind vector G = U; + iU, ,
viz.

-p " V.P = ifG (1.2)

The vertical shear of the geostrophic wind, Gz, is known as the thermal
wind. Combining (1.2) with the equation of state of an ideal gas and the
hydrostatic equation, the thermal wind can be expressed as

T

Wb Jojaling s
Z

fr VL TT G e 31

where T is the absolute temperature.

The first term on the right of (1. 3) is the contribution of horizontal
temperature gradients to the vertical shear of the geostrophic wind. This
term indicates that in the northern hemisphere the thermal wind vector is
parallel to the isotherms on a horizontal surface with low temperature to
the left. The second term is a correction involving the vertical tempera-
ture gradient and the slope of isobaric surfaces. This term is small
enough so that it is often neglected (Haltiner and Martin, 1957 ). How-
ever, when it is neglected in later derivations, I will so state.

The second term on the right of (1. 1), notwithstanding some doubt
concerning historic claims to priority (see e.g. Jordan, 1966), is known
as the Coriolis force and expresses the influence of the earth's rotation.
This effect acts to turn winds to the right in the northern hemisphere.

Atmospheric motions are fully turbulent except in a shallow (of the
order of a centimeter deep) sublayer at the earth's surface. Turbulent eddy
stresses are much larger than molecular stresses, thus the last term of
(1. 1), which is the frictional force, is given in terms of the vertical varia-
tion of the eddy stress. Similarities between laminar and turbulent flow
suggest the definition of an effective eddy diffusivity for momentum, K,
such that

o pKVz (1.4a)

If the assumption is made that K and p are independent of height,
the vertical variation of T is

T = pKV__. (1. 4Db)

Properties of the shearing stress vector can be used to single out the low-
est stratum of the layer of frictional influence. This stratum, after the
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definition introduced by Lettau (see Lettau and Davidson, 1957,

chapter 7), is named the surface layer and is defined as that layer through
which || departs by only a few percent from its surface value. The depth
of the surface layer is of the order of 10 to 100 m (Sutton, 195 3).

ILettau (1967) has discussed wind dynamics in the boundary layer in
terms of forcing function and response, analogous to a passive electrical
circuit responding to an applied voltage or a seismograph responding to
an earth tremor. He shows the utility of viewing wind motion as a response
to the applied forcing of the pressure pattern, expressed as variations of
the geostrophic wind. In this light (1. 1) is written, after substitution of
(1.4b) and (1. 2) and neglecting the inertia terms of dV/dt, as

V. - KV +ifv = ifG. (1.5)
t ZZ

Atmospheric motions described by (1. 5) can be classified in terms of
the magnitude of the forces and accelerations involved. Jeffries (1929),
for example, introduced the term '"antitriptic" to describe flow dominated
by the friction and pressure gradient forces. Johnson (1966) suggested
that winds resulting from a balance between the pressure gradient force,
the Coriolis force and the internal friction force be called ''geotriptic."

More recently, Lettau (1964, 1967), has termed ''thermo-tidal" those
winds in the boundary layer caused by solar forcing and of large enough
lateral extent so that the Coriolis force is significant. Analogous to the
Glossary of Meteorology definition of a thermal tide as ''a variation in
atmospheric pressure due to the diurnal differential heating of the atmos-
phere by the sun...,' thermo-tidal theory reasons that the diurnal heating
cycle can, under certain circumstances, produce a variation in atmospheric
pressure gradient.

The sea breeze is confined to the boundary layer, is caused by solar
forcing and may, if very well developed, have a large enough lateral ex-
tent for the Coriolis force to be significant. However, more often than not,
the latter condition will not be met (Jeffries, 1929). In any case, the sea
breeze will be excluded from the definition of thermo-tidal winds.

Over a large scale terrain slope, we can reason as follows: The
diurnal cycle of insolation produces a diurnal oscillation of sensible heat
transfer between earth surface and atmosphere. The heat transfer, being
normal to the earth's surface, produces an oscillation in the temperature
gradient measured in a direction mutually perpendicular to the ground
surface and the terrain fall line. The oscillation of the temperature
gradient normal to the sloping terrain causes an oscillation in the hori-
zontal temperature gradient measured along a surface at a constant height
above sea level. The variation in horizontal temperature gradient will
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produce oscillations in the thermal wind, leading to diurnal oscillations
in the geostrophic wind. The oscillating geostrophic forcing function in
(1.5) causes an oscillation in the wind vector.

The purpose of this investigation is to attempt an extension of the

mathematical description of the dynamics of the thermo-tidal wind and to
compare the model with available data.

2. Terrain Influence on Diurnal Wind Oscillations

Two models of the development of LLJ oscillations have generated
interest in recent years: the theory based on diurnal oscillation of fric-
tional forces as proposed by Blackadar (1957) and models based on
thermal wind oscillation due to the diurnal heating cycle over a large
scale topographical slope as suggested by Lettau (1964, 1967), and by
Holton (1967).

Blackadar (1957) reasoned that soon after a surface nocturnal inversion
is established, turbulent mixing dies out above the inversion. The friction
force acting on the wind decreases, which disturbs its balance with the
pressure gradient and Coriolis forces, producing an acceleration in the
geostrophic departure above the inversion, which can be constant in mag-
nitude but rotating with the inertial period. This essentially free inertial
oscillation reaches a supergeostrophic maximum about six pendulum
hours after sunset. Below the top of the inversion, momentum is being
transported to and dissipated by the ground, and the wind profile should
have its maximum at the inversion level. Blackadar suggests that within
the nocturnal inversion layer the loss of momentum should be proportional
to the loss of heat, and therefore the wind and temperature profiles should
resemble each other.

Buajitti and Blackadar (1957) and Haltiner (1959) attempted numerical
solutions of the appropriate forms of the equations of motion with numerous
forms of eddy viscosity varying with height and time. While several main
features of the diurnal variation in the wind profile were reproduced, none
of the computed solutions adequately explained the observed diurnal wind
structure variations.

Blackadar's model fails to explain the observed concentration of noc-
turnal low-level wind maxima in a relatively narrow band from Texas to
Nebraska. If the diurnal variation of internal friction were the only
cause of the diurnal wind oscillation and the characteristic nocturnal low-
level jet profile, then one would expect to find these wind phenomena
over other parts of the continent if there is a strong diurnal heating cycle.
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Blackadar has shown that the height of maximum wind in 88 jet pro-
files at Drexel, Nebraska, coincided well with the top of the surface
inversion. Bonner (1965) found that the correlation coefficient between
level of maximum wind and inversion height was 0. 53 for 52 observations
near the core of his 28 day average jet stream. In the majority of cases,
the base of the inversion was several hundreds of meters above the ground.
Hoecker (1963) found one jet (22-23 April, 1961) which persisted during
the day in lapse condition below an inversion aloft.

Due to the decrease of the period of inertial oscillation by about

50 percent between southern Texas and northern Minnesota, Blackadar's
model predicts a corresponding change in the rate of turning of the geo-
strophic departure vector, while in fact the turning rate is about 15 deg
hr-1 at both locations (Bonner, 1965). Average rates of turning of 13.5
deg hr-1 at 600 m and 17 deg hr~! at 1000 m derived by Blackadar (1957)
from observations at O'Neill would seem closer to the diurnal frequency
of 15 deg hr~1 than his predicted 20. 2 deg hr=1

Recently Paegle (1969) has extended Ooyama's (1957) solutions in-
corporating a form of K constant with height and varying sinusoidally in
time. He concludes that this form of K cannot explain the large ampli-
tudes in wind oscillations sometimes observed.

Lettau (1967), in an extension of an earlier (1964) note, presented
a simplified model for the influence of topography on the temperature
structure in the planetary boundary layer and the resulting effect on the
dynamics of the wind. He emphasized the need to consider an existing
coupling between topographical gradient and average or prevailing hori-
zontal pressure gradient; for instance, an average pressure gradient posi-
tive to the east as elevation increases to the west, corresponds to the
common situation of southerly flow over the Great Plains as a result of
the Bermuda High and a Rocky Mountain low. In this example, Lettau's
reasoning leads to the conclusion that the steady state thermal wind
should be from the north.

In describing the effects of the diurnal heating cycle on the geo-
strophic wind profile, Lettau assumed no temperature gradient along the
ground surface and that isotherms in the atmosphere remain parallel to the
earth's surface during the day, producing an oscillating horizontal tempera-
ture gradient in the air above a terrain slope. The oscillating temperature
gradient would in turn produce diurnal oscillations in the geostrophic and
thermal winds. For the area of the Great Plains, the southerly geostrophic
wind speed would decrease with height in lapse conditions during the
day and increase with height to the top of the inversion layer at night. In
his numerical example, the geostrophic wind would increase from 10 m
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sec-1 at the surface to 15 m sec™! at 400 m, if the temperature inversion
were 6C over the same depth.

Lettau applied the term thermo-tidal winds to oscillations of hori-
zontal winds caused by heating cycles of diurnal frequency, provided that
the horizontal scale of the circulation is of sufficient extent so that
Coriolis effects are significant. The geostrophic wind oscillation produced
by the diurnal heating cycle can be viewed as a forcing function. The
properties of the diurnal oscillation of the wind are then responses to
this geostrophic forcing function.

The phase angles of the geostrophic forcing function assumed by
Lettau and later by MacKay (1969), however, disagree with the time varia-
tion of the surface geostrophic wind observed by Hoecker (1965) and
Sangster (1967). The form of G used by Lettau (1967) assumed that the
maximum surface geostrophic wind occurs near local midnight and that the
time of maximum was constant with height. MacKay presented solutions
of (1.5) for a number of assumed forms of G all of which had a surface
maximum at or near local midnight.,

Hoecker (1965) presented graphs of sea level geostrophic wind values
indicating maximum values at about noon (1200) CST for his three jet
development days.

Later, Sangster (1967, 1968) computed southerly surface geostrophic
winds along the sloping terrain utilizing a pressure gradient equation
derived from Bellamy's (1945) altimeter correction system. He established
the diurnal cycle in the surface geostrophic wind component parallel to
the smoother terrain contours averaged over 30 days of June 1966 for each
hour of the day. The cycle maximum occurred at 1600 CST, the minimum
at 0600 CST, with a range of about 18 knots. For two individual case
studies in the same region he found similar oscillations with maxima
occurring at about 1700 CST, minima about 0500 CST and night to day
ranges of 18 to 24 knots.

The results of Hoecker and Sangster indicate that the surface geo-
strophic wind in the Oklahoma area at least for days with generally
southerly flow has a daily cycle with a maximum in the afternoon.

Paegle (1969) states that the resonance phenomena exhibited by
Lettau's (1964) solution at 30° latitude where the amplitude of the wind
response becomes infinite and the phase angle changes sign do not agree
with initial value solutions for a geostrophic oscillation in the boundary
layer.
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He presents a periodic solution similar to that presented by MacKay
(1969) for an oscillation in G whose amplitude attenuates exponentially
in the vertical. The properties of the wind oscillations predicted by
MacKay and Paegle are similar., Paegle notes that the solution does not
blowup at 30° latitude and that there is no sign change in the phase angle
but a continuous change as one passes from latitudes 45° to 23°.

Neither Paegle nor MacKay have specifically noted that the 30°
resonance phenomenon predicted by Lettau's model is due solely to the
assumption of a linear decrease in the amplitude of the oscillating part
of G. However, this result can be seen by comparing the solutions
presented by MacKay for linear and exponentially decreasing amplitudes
in the G oscillation.

Holton (1967) has shown that the thermodynamic energy equation and
the equations of motion are coupled when expressed in a slope coordinate
system, and that the diurnal heating cycle can be the forcing function for
the diurnal wind oscillation. Holton's model is strictly valid only at 30°
latitude but may be extended to other latitudes.

Holton predicted that the v-component of the wind in a geostrophic
system should show the maximum about six hours after the time of maximum
surface temperature. Phase angles derived from data at O'Neill (Lettau,
1967) indicate that the v-component has its maximum at about local mid-
night near the surface, much later than six hours after the time of surface
temperature maximum. Paegle (1969) also notes the discrepancy in pre-
dicted and observed phase hour.

In summary, it can be said that phase angles of the geostrophic
forcing function assumed by Lettau (1964, 1967) and by MacKay (1969)
do not agree in certain respects with observations by Hoecker (1965) and
Sangster (1967). The theoretical wind response predicted by Holton
(1967) also disagrees with the properties of the wind oscillation determined
from observations. Therefore, an attempt will be made to derive a new form
of the geostrophic forcing function and to determine the resulting wind
response.

In order to derive the influence of the diurnal temperature oscillation
on the geostrophic forcing function, assume a surface temperature oscilla-
tion of the form

TO = TO+TO cos wt
where T( is the surface temperature, T'; is the amplitude of the surface
oscillation about the mean and t = 0 at the time of maximum temperature.
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Assuming an eddy diffusivity for heat, «, which is constant with height
and time, the equation governing heat propagation through the boundary
layer is

Tt = KTZZ s

The classical solution for the first harmonic of the temperature wave, T',
is (see Sutton, 1953),

e-'\/w/ZK z

™ =T cos(wt - Nw/2k z ).

0

Introducing for later convenience the parameter ¢ where ¢ = (wK/fk) 1/2

.= Toe ™ cos(et - e nz). (2.1)

The geostrophic wind G has the assumed form
G = G(z)+ G'(z, t)

where the 24-hour mean geostrophic wind profile, G, is given by
G = G0 + (G

G = the mean geostrophic wind at the top of the boundary layer,

- C—?vo)(l - e ) where C_;O = mean surface geostrophic wind,

e
3R

(Gyx - G.) = VG is the geostrophic shear vector; where n' = N2n is intro-
3 0 ’ n n

duced to scale the height parameter and a = b/n' where b is an empirical
constant representing the rate of change of curvature of the temperature
profile with height and 7 = (f/Zk)l/2 where f = Coriolis acceleration and
k is the eddy diffusivity for momentum. G' = U'1 + iU’2 represents the
amplitude of the diurnal oscillating component; the imaginary axis is
parallel to the smoothed terrain contours.

The oscillating thermal wind G', = U, + iU',, is, if 6 is small,
given by the approximations

! - -
U P " Ulz 0
ge
! - - — T
U2z fT0 Z. "
Integrating over z,
Gl - C _gg. TI
-l ’
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where C is a constant of integration. Assuming that the amplitude of
the oscillating G' dies out at great heights, C =0 and

x|

!
0 e

0

ge
U, = -

5 T cos(wt - enz). (2..2)

=,

In the Great Plains area, 6 will be negative and (2. 2) states that the
oscillations of the surface geostrophic wind and surface temperature will
be in phase. Sangster's analysis seems to indicate that the geostrophic
wind lags the temperature cycle by four to five hours. Although there is
some uncertainty about the time of maximum of the surface geostrophic
wind, we shall take the time origin in (2. 2) to be the time of this maximum.

Letting g =10 msec™2, 8=-2x10"3, f=10"*sec™! , (T/T,

= 10/300), the surface geostrophic oscillation will have an amplitude of
7 m sec‘l, or a daily range of approximately 27 knots, in rough agreement
with Sangster's estimates.

We now express G' as

G'(z,1) = G z)e" + G, (z)e™ ", (2.3)

Equation (2. 2) can be written as

U,Z = U e—enz[el(wt - €nZ) + e—l(mt - enz)] (2. 4)
where .
ge T
T, & o o ot
g 2f TO
comparing (2.3 ) and (2. 4),
C - iU e—(1+1)enz
1 g
. -(1-i)enz
= 2.
G2 i Uge (2.5)
The complex wind response is defined to be
V(z, t) = V(z) + v1<z)e1“’t + vZ(z)e“l“Jt (2.6)

Substituting (2.4), (2.5) and (2. 6) into (1. 5) and separating identical
powers of e€™t  _1 <y <1, results in three ordinary differential equa-
tions for V, V; and V,:
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V., 21n2\7 = - ZinZG (2. 7a)
V,,, - 2in eV = 2 nge'(”i)“‘z (2. 7b)
vV, .t 3o B V, = - Uge'(l'i)e Tk (2.7¢)
The appropriate boundary conditions are V (z=0) = Vl(O) = VZ(O) =0,
\_/(oo) = G(w) and Vl(oo) - VZ(oo) = 0 . The parameters introduced are

2 2
a =l+w/f, B = | = w/f|; the upper sign in (2. 7c) applies to latitudes
poleward of 30° while the lower sign applies equatorward.

The solutions are

vl/vg _ i(e—(1+1)cmz P e-(l+1)s nz)/(ez X QZ)
—(1-1 - i 2 2
VN = e (I-llenz _  -(121)Bn2gp AAnpigtip: (2.8)
If the real velocities are to be written as
u(z,t) = u(z)+ u, (z) cos wt + u,(z) sin ot
v(z,t) = v(z)+ v,(2) cos wt + v, (z) sin wt, (2.9a)
it follows that
u = REV) - v = IM(V)
u, = RE(V1 + VZ) WynF IM(V1 + VZ)
u, = IM(V2 - Vl) ¥y = RE(V1 - VZ) 3 (2.9Db)
where
. - = N
Sy %M sin anz e ﬁnzsin BnZ _ o"€M2qin ¢ 1p 1 o 1
el preray SULsmE|aT3T 3 2
e i o eLihip B i e B |
-amn -pnz ~ a
- cosanz e CoS Bnz -eMZ 1 1
u, = 5 5 5 + e cosenz| —>— + >
E -« e P




58

L e P cos anz _ e Pcos Bnz _ emZ g zl— 1 il
1 - 2 2 2 ikl . Z 2 2 .2
e -« g B e ~a e P
e “sinanz & e—ﬁnzsinﬁnz_ et 8 1 A
Vi = TR 2 2 R . R 2
E -« e B L& —~a e £
J/
(2.10)
The amplitude of the u and v oscillations will be given as
_ 2 21/2
uamp = (u1 +u2)
2 2
vamp = (v1 + VZ )1/2 (4.11a)
and the phase constants as
s
u-phase = 17 arc tan(uz/ul)
v-phase = L arc tan(v./v,) (2.11b)
12 2" 1"’ i

where u-phase and v-phase are the times of maximum of the respective
oscillations given as hours after the time of maximum surface geostrophic
wind.

The wind response function, normalized to the amplitude of the surface
geostrophic wind oscillation is completely defined by amplitudes and
phase angles (2.11). These, in turn, are functions only of height, lati-
tude and the ratio of the eddy diffusivities for momentum and heat, K/x.

Consider the wind response equatorward of 30° latitude as expressed
by (2.8). The ratio w/f will be large at low latitudes and will decrease
rapidly proceeding poleward. Therefore, the exponential terms in (2. 8)
involving o and B will be small and the denominators of each term will
be large. This means that the wind response amplitude will be negligible
near the equator and will increase rapidly as latitude increases toward
30°.

At 30° latitude, B vanishes, and the expression for V, becomes

Y—Z- = -iz[l-e
L K
g

Filakisngy (2.12)
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which is similar to the Ekman spiral solution. V, does not vanish at
great heights, which indicates that the assumptions made in the formulation
of the problem do not hold near 30°.

At 30° latitude, the diurnal wind cycle is driven at the frequency
resonant with the natural mode of oscillation of the rotating atmosphere.
As Paegle (1969) notes, this resonance would lead to infinite winds in
the absence of viscosity. However, turbulent momentum diffusion to the
ground and to higher levels is rapid enough to avert infinite winds if the
forcing is confined to a finite layer. He also notes that forcing at low
levels, even though negligible aloft, causes the response amplitude to be
finite at all levels. He concludes that geostrophic balance cannot be a
reasonable upper boundary condition at 30°.

At large heights, V; will approach zero and substitution of (2.12)
into (2.9b) shows that v; =u, = - «/K and v, =u; =0. Thus, at 30°
latitude, both the u- and v-amplitudes will approach /K. Relative to
the geostrophic wind oscillation, the u- component will lag by 18 hours,
the v-component by 12.

The wind responses poleward of 30° are not as readily discernable
from an inspection of the solutions. Therefore, graphical presentations
are given in Figs. 2.1 and 2. 2 to delineate the influence of the relevant
parameters.

Figure 2.1 illustrates the previous discussion, showing a rapid in-
crease in amplitude with increasing latitude to a maximum at 30° which is
about 10% greater than the ratio «/K. Poleward of 30° there is a rapid
decrease in amplitude to about 35° and then the amplitude is relatively
constant as latitude increases. Equatorward of 30° the down-slope wind
amplitude is greater than the cross-slope, poleward of 30° the reverse
is true.

The phase relationships show only minor variations on each side of
30°., Equatorward the down-slope (u) component lags the surface geo-
strophic wind by about 18 hours, the cross-slope (v) by 12 to 13 hours.
Between 30 and 35° latitude there is a phase shift of three to six hours
so that poleward of 35° the u component lags by about 13 hours, the v-
component about six.

Figure 2. 2 depicts the height profiles of the response amplitude and
phase hours for three values of K/k at each of three latitudes. It indicates
that the ratio of the eddy diffusivities influences the magnitude of the
oscillation more than the time at which the maximum occurs. As noted
above, the amplitude profile at 30° is probably not realistic and the upper
boundary condition should be modified at this latitude. As the ratio in-
creases, the amplitude of the wind response decreases at each latitude.
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At latitude 15°, the winds in the upper layers lag those near the sur-
face. The slopes of the phase hour profiles of the u- and v-components,
for K/x = 0.5, are approximately constant and both are about equal to the
slope of the phase hour profile of the geostrophic wind. The vertical
gradients of the phase angle profiles change insignificantly as the ratio
of the diffusivities increases.

At 30° the phase hours are constant with height and approach 12 and
18 hours for the v- and u-components, respectively.

The profiles at 45° are more complicated. The significant fact is that
the winds in the upper layers lead those near the surface.

Two aspects of the thermo-tidal model proposed above have been
compared with available data. In the following section, temperature data
from six GOP's at O'Neill are tested to determine those periods for which
the assumed temperature wave (2. 1) is applicable. Observed wind ampli-
tude and phase-hour profiles are compared with those predicted.

Comparison of the Ekman spiral solution (1.8b) and the expression for
the diurnal temperature wave (2. 1) suggests a method to determine those
days for which the previously derived geostrophic forcing function derived
is applicable.

The method presented by Lettau (unpublished lecture notes) is based
on the similarity in shapes of the Ekman wind spiral and the ''temperature
spiral' or harmonic dial of the first harmonic of the diurnal temperature
oscillation at various levels of the boundary layer.

The hodograph of the geostrophic departure vector (G - V) traces the
same path as does the geotriptic wind, but in the opposite direction. At
any height the magnitude of the departure vector is U,(0)e Mm% making an
angle of arc tan(nz) with the geostrophic wind vector. Now if the first
harmonic temperature wave (2.1) is given as T' = Ta cos wt + Tb sin wt,
manipulation of (2. 1) will show that if Tb is plotted along the ordinate
and Ta along the abscissa of a cartesian coordinate system, then the
vector to the point (Ta, Tb) will have an amplitude T'ge™*® M2 and will
make an angle arc tan (enz) with the Ta axis. Thus the shape of the
curve traced by the end points of the T vector will be the same as the
Ekman wind spiral.

Fourier analysis of the diurnal temperature cycle at a number of levels
in the boundary layer will produce vertical profiles of the Fourier cosine
and sine coefficient, Ta and Tb. If these coefficients produce a har-
monic dial of a shape similar to the Ekman spiral, then the diurnal tem-
perature wave will satisfy (2.1). This implies that the geostrophic forcing
function can be described by (2. 2).
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Figure 2.3a presents curves of the amplitude and phase angles deter-
mined from Fourier analysis applied to temperature data of the second,
fifth and six GOP at O'Neill (Tables 7. 2a, for each GOP). Figure 2. 3b
presents the same curves for the first, third and seventh GOP.

It is evident from Figure 2. 3 that the shape of the harmonic dials
for the periods depicted in Fig. 2. 3a correspond more closely to the Ek-
man spiral than those in Fig. 2. 3b.

The observation periods at O'Neill will be divided as follows: a first
category includes periods 2, 5 and 6 during which the geostrophic forcing
function can be approximated by that previously derived, and a second
category, periods 1, 3 and 7, during which it cannot.

Figure 2. 4 presents the first harmonic amplitude and phase profiles
for the u- and v-components in the geographic coordinate system as de-
termined from Fourier analysis of the representative winds at each level.
This figure shows that the first category yields a rather pronounced maxi-
mum in each component amplitude profile, with a positive vertical shear
below the level of maximum amplitude of the order of 10-2 sec™1 .

The wind data of the second category produce less pronounced ampli-
tude maxima, smaller values of shear below the levels of maxima, or both.
An exception is the u-amplitude profile of GOP 7 which has a rather pro-
nounced maximum and vertical shear of the order of 10-2 sec~1

The phase characteristics of the two categories also differ. In each
of the observation periods of the second category, the v-phase profile
changes vertically with the upper level winds lagging those in the lower
level. The u-component has a nearly constant phase near the ground.
Above a few hundred meters it decreases with height so that the upper
winds lead the lower winds. The combination of these two characteristics
produces a ''cross-over'' of the two phase profiles so that at some height
below 2 km the u-component of the wind has a maximum earlier than the
v-component,

The phase profiles of the first category show no such cross-over,
Although there is some change of slope of the v-component phase in the
second GOP, the phase profiles of this category are generally character-
ized by decreasing phase change with height and by the v-amplitude
maximum occurring roughly six hours earlier than the u-maximum.

Comparison of Fig. 2.2 and 2. 3b shows that the amplitude of the
response function decreases more rapidly than the observed winds in the
upper levels of the boundary layer.
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Also shown in Fig. 2.4 is a comparison of the phase profile of
Fig. 2.3b with the theoretical expression based on the ratio K/x = 1.
The surface geostrophic maximum occurs at noon for GOP's 2 and 6, at
1700 for GOP 5. The height parameter n is scaled so that nz =2«
at z = 2000 m, which implies K = 32 m2 sec™l . The figure shows that
in the lower layers the theoretical v-phase increases while the observed
phase decreases with height,

Figure 2.5 presents amplitude and phase profiles for the three ob-
served jets at Oklahoma City. The significant feature of these profiles
is the large amplitude of the u-amplitude on 22-23 April, the maximum
being greater than 15 m sec-!l at the 895 m level.

Also shown in Fig. 2.5 are theoretical phase profiles calculated for
K/k = 1. The surface geostrophic wind maximum is assumed to occur at
local noon. The discrepancy between theoretical and observed profiles in
both shape and times of maxima on April 22-23 could be due to the fact
that the variation of the sea level geostrophic wind vector presented by
Hoecker (1965) is not a true diurnal oscillation, but shows a difference
of about 10 m sec-1 between 1800 CST on April 22 and 1800 on April 23,

3. The Interaction between Oscillating Internal Friction and Geostrophic
Forcing Function

Paegle (1969) has investigated diurnal boundary layer wind oscilla-
tions produced by the combined effects of oscillating internal friction

FIRST HARMONIC WINO RESPONST
OKLAHOMA OITY

Fig. 2.5. Same as Fig. 2.4 except for Oklahoma City.
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and geostrophic wind. He considered two cases in which K was con-
stant with height but varied with time. He notes that the gross features
of the hodographs resulting from a step function and from a sinusoidal
time variation in K are similar. Therefore, he concludes that the
simple sinusoidal time variation in K may be adequate for boundary
layer wind studies. Paegle's major conclusion is that a ''large day to
night eddy viscosity fluctuation gives a nocturnal speed maximum in a
strong southerly flow, even with counteracting thermal wind effect at
low levels., The resulting speed oscillation is smaller than that which
arises from the eddy viscosity alone. However, he calculated a wind
response with a maximum two to three hours after the daytime geostrophic
wind maximum; therefore, in his model, the effects of oscillating K and
G would be opposing each other.

If, however, the wind oscillation produced by a time varying G
alone were in phase with the oscillation produced by a time varying K
alone, we would expect the wind response due to the combined effects to
be enhanced.

The following derivation rather boldly truncates the wind response to
the 24-hour mean and the first two harmonics. While this approach lacks
Paegle's mathematical sophistication, it should produce the broad out-
lines of the combined effects of oscillations in K and G.

Paegle (1969) has shown the simple sinusoidal time variation in K
is probably adequate for models such as the one to be developed. There-
fore, assume

K = K(1 + 2k cos wt) (3.1a)

where k, 0 <k <0.5, is the half amplitude of the oscillation in K and
for simplicity the time of maximum is assumed to coincide with the time

of maximum surface temperature. The geostrophic forcing function remains
given by (2.4) and (2.5). Equation (3. la) written in complex notation is

K = K[1+ ket g ke-lwt] :

(3.1b)
The 24-hour mean and the first and second harmonics of the wind will be
the assumed response, and thus

- iwt -iwt 2iwt -2iwt

V = V+V1e +V2e +V3e +V4e . (3. 2)

Substitution of (3. 1b) and (3. 2) into (1. 5) and separating terms into
identical powers of elnwt (-2< n< 2) results in five ordinary differen-
tial equations for the terms in V,
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where in this case nz = f/2K and YZ =16 2w/1, 57 2o 2w/f . The
produce of the oscillating portion of K with the terms of V., is the os-
cillating internal friction and introduces coupling between the five equa-
tions of (3.3). This acts so that there is mutual coupling between a given
harmonic and the harmonics one higher and one lower in number. Because
of the algebraic complexity of the characteristic equation of the set of
equations (3. 3), a Fortran program was written for the University of Wis-
consin Computing Center CDC-3600 computer. This program computed
solutions using the "Basic Unified Matrix Package' (BUMP). In matrix
notation, the set (3. 3) can be written
o -2
[A] [V],, - 2in [B][V] = - 2in [G] (3. 3Db)

where the following matrices are defined:

(8] = [1 ¥wgosgdsor A =[¥] = [V | ,
k 10 kN0 Vi
KriEplo phigtick VZ
- k' Sgunfzeq V3
g “ilaegen )
P 2 V4
[G] = [& | and [B] = [1 -
G arz
G2 B2 B
0 \
0 52
= IS = (3. 3c)
Multiplying by [A]~!, the inverse matrix of [A],
. 2 -1 . 2 -1
[Vl _ - 2in° [A]"" [B] [V] = -2in” [A]" [G] . (3.4)

zZZ
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This is the basic form of the set of differential equations (3. 3) (Kaplan,
1958), and it was this form which was solved with the Fortran program.

The Fortran program numerically solved for the complex wind response
for the 24-hour mean wind and the amplitude and phase profiles for the
first and second harmonic of the wind response. The response of the 24-
hour mean and first harmonic wind is given by (2.8) and (2.10). Similarly,
the amplitudes and phase hours of the second harmonic will be given by

e B 2.1/42
uamp2 = (u3+u4)
e \ans
vamp2 = (v3 +v4) (3..5)
and
u—phase2 = /6 arc tan(u4/u3)
v-—phase‘2 = /6 arc tan(v4/v3) S
where
u3 = RE(V3 + V4) V3 = IM(V3 + V4)
u4 = IM(V4-V3) V4 = IM(V3—V4).

Figure 3.1 presents the response of the mean wind to the combined
effects of oscillating eddy momentum diffusivity and oscillating geostrophic
forcing function. The 24-hour mean geostrophic wind is assumed constant
with height in the boundary layer with a value of 10 m sec! . The oscil-
lating portion of the geostrophic forcing function has an amplitude of 5 m
sec~! and oscillates parallel to the mean geostrophic wind.

The figure shows that the modification of the Ekman spiral is rela-
tively small as k increases from zero to 0.25. However, as k increases
from 0. 25 to its limiting value of 0.5, the hodograph becomes quite dis-
torted. At latitude 45 N the spiral becomes more rounded and approaches
the geostrophic level with a curvature which is the reverse of the Ekman
spiral in the upper levels., At latitude 35 N the mean spiral is even more
distorted. The winds just above the earth's surface actually flow opposite
to the mean geostrophic wind direction—a rather unlikely situation.

Figures 3.2 and 3. 3 depict the amplitudes and phase profiles of the
two harmonics of wind response defined by the differential equation (5.4).
Figure 3, 2 shows the response for latitude 35°; Fig. 3.3 that for 45° . In
each case the diffusivities for momentum and heat are assumed equal.
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THEORETICAL RESPONSE OF MEAN WIND
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Fig. 3.1. Theoretical response of mean wind to oscillating geostrophic
forcing and eddy diffusivity., Mean geostrophic wind is as-
sumed constant with height.

The response function at latitude 35 N shows that the effect of the
oscillating diffusivity is to increase the amplitude of the first harmonic
at all levels, the amplitude of the wind response increasing with the
amplitude of the oscillation of diffusivity. The u-amplitude increases
to a limiting value of 1.8 times the amplitude of the surface geostrophic
wind oscillation when the range of K varies from zero to twice the aver-
age value. The limiting value of the v-amplitude is about 1. 75 times Gy .

Both the u- and v-phase profiles of the first harmonic change insig-
nificantly in the upper layers as k increases from zero to 0.25. In the
lower part of the boundary layer the phase increases by about two hours
for the same increase in k., However, as k increases from 0,25 to its
limiting value of 0.5, both the u- and v-profiles show phase shift of 12

to 15 hours.

At latitude 45 N the first harmonic wind response to the combined
effects of oscillating internal friction and geostrophic forcing function are
confusing, Figure 2,2 shows that as k increases from zero to 0.1, the
amplitude of the wind response decreases, the u-amplitude decreasing
from 0, 65 Ug to 0.25 Ug and the v-amplitude decreasing from about 0. 65
Ug to 0.1 Ug. The amplitude profiles for k =0,25 and 0.5 show a similar
qualitative relationship to the profiles for k = 0 as those at latitude
35 N, i.e., the wind response amplitudes increase with increasing k .



Fig. 3.2. Theoretical
characteristics of first and
second harmonic of wind
response to combined effects
of geostrophic wind and eddy
momentum oscillations,
latitude 35 N.
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WIND RESPONSE TO DIURNALLY VARYING FRICTION AND GEOSTROPHIC WIND
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Fig. 3.3. Same as Fig. 3.2

except for latitude 45 N.
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The phase profiles show an even more confusing variation with
changing values of k. As k goes from zero to 0.1 the shapes of
the u- and v-phase profiles are modified so that the phase hour increases
almost linearly, approximating the phase profile of the geostrophic wind.
The phase profiles calculated with k = 0.5 shift in time and change in
such a manner that they approximate the profiles calculated on the basis
of nonoscillating eddu diffusivity. As k grows to its limiting value of
0. 5, both the u- and v-phase profiles change slope so vehemently that
the phase hours at high levels lags 12 to 18 hours behind those for non-
oscillating K. In the lower layers, the phase angle for k = 0.5 is only
about 2 to 4 hours earlier than for k = 0.

The second harmonic response amplitude at latitude 45 N has a
profile similar to the first harmonic amplitude. The maximum amplitude
increases as the value of k; with k = 0.5 the u-amplitude is about
1.85 times Ug while the v-amplitude is almost 2.5 times Ug .

The phase profiles are not shown here; however, they change char-
acteristics only slightly as k increases. The u-profile is nearly con-
stant with height with one maximum in phase synchronous with the maxima
of Ug and K and one maximum about 12 hours later. The v-phase is
also almost constant with height with maxima about 8 and 20 hours after
the maxima in Ug and K.

At latitude 35 N the second harmonic u-amplitude profile has the
same shape as the first amplitude profile; however, the maximum ampli-
tude does not increase monotonically with k . The maximum for k = 0.25
being about 25% greater than the maximum amplitude for k = 0.5. The
second harmonic v-amplitude profile maximum does increase monotonically
with k , but has a double maximum. The maximum for k = 0.5, not
shown on the graph, is almost 5 times the oscillation of Ug.

Figures 3.4 and 3. 5 present the amplitude and phase profiles for the
O'Neill GOP's 2, 5 and 6 for the three Oklahoma City jet observation
days, respectively. The three periods of O'Neill data presented are
characterized by amplitude maxima between 2 and 5 m sec~! and phase
profiles approximately constant with height.

The second harmonic amplitude profile for GOP 2 at O'Neill shows a
maximum in the v-component of about 6 m sec-1 , a value greater than
the first harmonic amplitude maximum. The shape of the observed u- and
v-amplitude profiles for this period approximate the profiles calculated
for 45° latitude and a k value of 0. 25 to 0.50. The elevated maxima
observed for GOP 5 are not predicted by the model.



SECOND HARMONIC WIND CHARACTERISTICS
O'NEILL, NEB. v ———<u COMPONENT
———ev COMPONENT

z} £ GOP 5 Gor &
‘ ]

- Ol—_ly o °

2

HEIGHT Gum)

51

A 1
L] L ° L]
AMPLITUDE m/s

[ L] e e
Jeves N g e o o

2 24 2 2 24 2 n 24
@28 W2 20 ze 12) 20 e 2 ze
TIME OF MAXIMUM - TLT

HEIGHT (km)
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The amplitudes for GOP 6 and for the three days of Oklahoma City
data (Fig. 3.5) in general vary from about 1 to 3 m sec~1 and show no
pronounced maxima in the lowest kilometer, These amplitude profiles are
approximated by those of the model with k values of 0.1 to 0. 25.

The phase profiles for all six periods conform resonably well with
those predicted by the model. The observed phase hours are essentially
constant with height in the lowest 1200 meters or so with maxima in the
afternoon and early morning,

4, Summary

The work presented here is an extension of Lettau's (1964, 1967)
model of thermo-tidal winds, which deals with the influence of the diurnal
heating cycle in the boundary layer over a terrain that has a large-scale
topographical gradient. The development has included diurnal oscilla-
tions of the wind components as influenced by the solar heating cycle,
and the interaction of oscillation in internal friction and geostrophic wind.

A model of the diurnal thermo-tidal wind is developed with an assumed
diurnal temperature wave characterized by an amplitude with exponential
height decrease and phase hour with linear increase normal to a sloping
terrain surface. This diurnal or solar wave was shown to produce an os-
cillating geostrophic wind whose first harmonic has an exponentially de-
creasing amplitude and linearly increasing phase hour in the vertical.

The oscillating portion of the geostrophic wind has a surface maximum at
the time of maximum surface temperature; the resulting wind oscillation
has a nighttime maximum,

Harmonic dials derived from Fourier analysis of GPTFP temperature
data (Lettau and Davidson, 1957) indicate that the six GOP's studied can
be divided into the two following categories: (1) periods for which the
harmonic dial of temperature has a regular shape similar to the Ekman
spiral, and (2) periods with irregular harmonic dials. The diurnal tem-
perature wave for the first category has proper model characteristics,
and analysis of wind data from these GOP's indicates that the amplitude
and phase profiles approximate those predicted by theory.

Harmonic dials of temperature spirals for the periods in the second
category do not have shapes approximating the Ekman spiral; thus these N
temperature waves do not have the form assumed in the model. The
characteristics of the wind oscillations during these periods do not con-
form with prediction by the thermo-tidal wind model.
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Finally, a tentative extension to include effects of diurnal oscilla-
tions of internal friction is developed. The interaction of a diurnally
varying eddy diffusivity for momentum and the diurnally oscillating geo-
strophic wind enhances the amplitude of the first harmonic wind response
and generates a second harmonic in the wind oscillation, The coupling
of the equations expressing the mean wind and the two harmonics of the
wind oscillation results in highly complicated diurnal variations which
are only partially clarified by the present method of solution.

5. Concluding Remarks

One contribution was to demonstrate in detail how a diurnal geo-
strophic wind oscillation which culminates in the afternoon can produce
a wind response with a maximum at night. This result has resolved cer-
tain discrepancies between previous solutions presented by Lettau (1964,
1967) and by MacKay (1969) based on geostrophic forcing functions with
nighttime surface maxima and diurnal oscillations of actual surface
geostrophic wind derived from analysis of previous field observations by
Hoecker (1965) and Sangster (1967) which indicate surface maxima in the
afternoon.

The results of Sections 2 and 3 contradict Paegle's (1969) conclu-
sions that the effect of the geostrophic wind oscillation cannot explain
the nocturnal southerly jets observed over the Great Plains and also that,
when oscillations in K and G are specified together the effect of varia-
ble K predominates, with the wind response amplitude less than the
response to a variable K alone. The main difference between Paegle's
attempt to model the influence of the geostrophic wind oscillation and
the attempt presented here is that Paegle ignored possible vertical phase
changes in the geostrophic forcing function.

Holton (1967) proposed a thermal forcing function similar to the
mechanism suggested here. His predicted wind response phases appear
too early compared with available observations. It seems, however,
that if Holton's phase hours were specified with reference to the surface
geostrophic wind maximum instead of the surface temperature maximum,
agreement between predicted and observed wind response would be
improved.

Further study into the driving mechanism of the thermo-tidal wind
should include theoretical investigation of the apparent lag between the
maximum temperature and geostrophic wind at the surface of the sloping
terrain.

The main contribution of Paegle's investigation is his modeling of
the contribution of the nonlinear acceleration terms to boundary layer wind
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oscillations. Understanding of these oscillations and associated meso-
scale weather phenomena would be enhanced by incorporating a geostrophic
forcing similar to that suggested here into Paegle's model which includes
the inertial accelerations neglected in this thesis.

Analysis of the combined effects of diurnally oscillating internal
friction and geostrophic wind is tentative and insufficient to define ade-
quately the latitudinal variation of the first and second harmonic wind
response. A further refinement to the model presented here is the use of
more sophisticated Gaussian quadrature techniques as done in similar
work by Ooyama (1957) and by Paegle. Further refinement could also be
made in the mathematical form of K. Buajitti and Blackadar (1957) showed
that the agreement between theoretical prediction and observed wind is
improved when both the mean value of K and its amplitude of diurnal
oscillation decrease with height above the surface layer.

The mathematical predictions of the thermo-tidal model conform ap-
proximately with available observations over the large-scale terrain
slope of the central U. S. However, measurements are desirable to deter-
mine whether or not the thermal mechanism proposal here is the sole or
driving force of the thermo-todal wind. Miller (personal communication,
1969) suggests that summer LLJ oscillations in the inversion layer over
San Francisco Bay might be caused by ''see-sawing'' of the inversion base
due to divergence-convergence cycles in the surface maritime air layer.

An extended observation program similar to the chain of observing
stations organized and reported by Hoecker (1963, 1965) but also includ-
ing hourly or two-hourly temperature soundings at several stations would
provide desirable information on time and height variations of the hori-
zontal temperature gradient over sloping terrain, These data combined
with the surface variation of geostrophic wind derived by a method similar
to Sangster (1967) could document the geostrophic forcing function and
would help to confirm or contradict the model presented here.
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