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L. INTRODUCTION

A linear form of the radiative transfer equation (RTE) is formulated for
the direct and simultaneous estimation of temperature and absorbing
constituent profiles (e.g., water vapor, ozone, methane, etc.) from
observations of spectral radiances. This unique linear form of the RTE
results from a definition for the deviation of the true gas concentration
profiles from an initial specification in terms of the deviation of their
"effective temperature" profiles from the true atmospheric temperature
profile. The "effective temperature" profile for any absorbing constituent is
that temperature profile which satisfies the observed radiance spectra under
the assumption that the initial absorber concentration profile is correct.
Differences between the "effective temperature", derived for each absorbing
constituent, and the true atmospheric temperature is proportional to the error
of the initial specification of the gas concentration profiles. The gas
concentration profiles are thus specified after inversion of the linearized
RTE from the retrieved "effective temperature" profiles assuming that one of
the assumed concentration profiles is known (e.g., CO2). Because the solution
is linear and simultaneous, the solution is computationally efficient. This
efficiency is important for dealing with radiance spectra contaiTing several
thousand radiance observations as achieved from curren% girborne and planned
future spaceborne interferometer spectrometer sounders®’”. Here the solution
is applied to spectral radiance observations simulated for current filter
radiometers and planned interferometer spectrometers to demonstrate the
anticipated improvement in future satellite sounding performance as a result
of improved instrumentation and associated sounding retrieval methodology.

It has been shown from simulation studies®:°:6 and airborne experiments
that atmospheric temperature and water vapor profiles can be achieved with
drastically improved vertical resolution and accuracy from remotely sensed
infrared radiance observations which have a spectral resolution and spectral
observation density which is one to two orders of magnitude better than
current satellite systems. As a result of these studies, future polar
orbiting and geostationary satellite sounding instrumentation is being
specified to possess the high spectral resolution and spectral observation
density properties required to achieve the sounding quality improvement.
However, a practical application of this new instrument technology to the
real-time operational production of soundings from their data requires the
utilization of an extremely efficient profile retrieval algorithm. Such an
algorithm is defined here and tested using spectral radiances simulated for
both the currently operational High-resolution Infrared Sounder (HIRS) filter
radiometer on the TIROS-N series of polar orbiting satellites and the planned
GOES Platform High-resolution Interferometer Spectrometer (GPHIS).



2. ANALYTICAL DEVELOPMENT
In this section, we develop a linearized form of the radiative transfesr

equation (RTE) and formulate its inverse solution for the temperature and

absorbing gas profiles from spectral radiance observations. In the equations
which follow:

R, = spectral radiance with subscript v denoting spectral frequency
B,(p) = Planck radiance at pressure level p
) = pressure with subscript s denoting the surface

7,(p) = the total transmittance of the atmosphere above atmospheric
pressure level p

§() = the difference between the true quantity and the initial value
denoted by a superscript o

II()§ = the product of i quantities

Z()i = the summation of i quantities

T = the transmittance of the atmosphere for the ith absorbing
constituent

k,,i = absorption coefficient for the ith absorbing constituent

qi = mixing ratio of the ith absorbing constituent

Ui = path length of the ith absorbing constituent

1 p
(ui = - [ qi(p')dp")
g o]

T(p) = the true atmospheric temperature profile

Tij(p) = the "effective temperature" of the ith absorbing constituent
where the "effective temperature" profile is that atmospheric
temperature profile which would give rise to the radiance
observed in spectral regions where the ith absorbing constituent
dominates the absorption/emission process assuming that the
initial gas concentration profile is correct.

TRy the brightness temperature at spectral frequency v
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The true spectrum of monochromatic radiance exiting the earth-atmosphere

system is

Ps
R» = Bv(ps)Tv(Ps) - fo Bv(p)dtv(p) .

The radiance spectrum corresponding to an assumed initial temperature and
absorbing gas distribution is

P
o o (o) s ,0 o
B = B ti(py) - 1 ° B0

Thus, the difference between the true and initial radiance spectrum is

P P
(o] o o] S s, 0 o
SR = Rk e Bv(ps)rv(ps) - Bv(ps)rv(ps)-f Bv(p)dtv(p) +f Bv(p)drv(p) -

0o o

Employing the linear perturbation definition:
o
6Bv(p) Bv(p) Bv(p)

Grv(p) = r“(p) - rS(p)
(1) can be written as

R =B ( (p.) + 6B (P)r°(p.) psn (p)dlst ( )l-fpsss (p)dr° (p)
6 v v pS)GTv ps) 6 v P Tv ps .fo v P TV P o v P Tv P

Since

p P
fos B, ()d[6t (p)] = B (p )6t (p) - fos 6t (p)dB (p)

(2)

(1)



as a result of integration by parts, the fully non-linear equation becomes

2 - -‘)( 2 ‘ps 6 .0 fpS B ‘
-R} = T, ps)JBv(pS) - Bv(p)d~v(p) + J Q.V(p)dBv(p) (3)
(o] [e]

The difference from a completely linearized equation is that dBv(p) is not
taken along the initial state.

Usingothe chain rule; dgv(po) = go(p)dT(p), and the Taylor approximation;
5Bv(p) = Bv(p)GT(p), where Bv = an(T Y/QT, the linear temperature dependence
can be separated in the first integral term and the lapse rate dependence
becomes explicit in the second integral term.

SR = 8%(p )1°%(p ) 6T fpss°( )ST(p)dt°(p)dp + fpse°( )8t (p)dT(p)d y
v o SuiPg/ TP g = . P pJat,ip)dp 5 P PIST,AP —E;El P (4)
dp

Now for monochromatic radiation

P
Ik, a,(p"dp'].

T,(p) = exp[- =L
i o i

0Q |—

Because of the exponential form, the total atmospheric transmittance can be
defined as the product of the transmittance of all the individual absorbing
gases; thus,

0 0
T = Hri
and
N
at° = ° ¢ dlntio, where N = number of absorbing constituents (5)
i=]

Relation (6) leads to the finite difference approximation

N
L 51:11‘i (6)
i=1

8t = 1°

Also, for monochromatic radiation it can be shown that
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1 P g
T, (p) = exp(- =/ k_ q.(p)dp] = exp(-/ = k_dU.].
s, g v, 1 v, i
1 (o] X o 1
so that
Ui P dUi
Int, =-J "k, du, = -/ k ——dp .
v i v
1 o i o i dp

Using this relation, the following linear expansion holds:

dsu d In t° d 1n t°,
51 " Lap =su P S ( g
ntT o=~ —— dp = 68U, - U,— (———) dp
o g "t 98 k. ap? s Taap dU°
i i
) o
where integration by parts was used and kv =d 1n T, /dUi .
i i
Thus, from (6) it follows that
o )
dlnT P d dlilnT
) = o ______il = 0 i ______l_
T, T, L dui - L ! SUi T s ) dp (8)
i dUi i o i

where the temperature dependence of T is ignored. A fully linearized
solution can be achieved by neglecting the second term on the right of (8)
which is much smaller than the first term. Neglecting this second order term
of (8) and substituting the remainder into (4) gives

o]

o o ps o dTV (p)
SR, = B, (p )T, (p)6T_ - fo BV(P)GT(P)‘EE dp
(9)
P, dlot)
o i o dT(p)
i i fo GUi(p)Tv (-—;;E—D 8, (P) = dp

We note from (9) that there is no information about the gas concentration
profile, 8U,(p), in regions where the lapse rate (dT(p)/dp) is zero. Now (9)
can be rewritten in the form



o} (o) o
SR =3 (pJr (pJ3T_ - i {8T(p)[dU (p)/dp] - 68U, (p)[dT(p)/dpllW (p)dp  (10)
 §

where

W ;(p) = 3°(p) 1 (P)([d In rzip)/dUz(p)]

If we define

5T, (p) = 67(p) - 60, (p) [ TE2) ) (10a)
du”(p)

Then (10) becomes

N p
[o] [0} S [o] (o] o]
5Rv Bv(ps)rv(ps)é‘rS -121 fo Bv(p)éTi(p)rv(p)dlnrvi(p) (1)

which is a general and fully linearized perturbation form of the radiative
transfer equation.

In (11), N is the number of optically active atmospheric constituents,

o o
Bv(p) = an(T )/3T
and

aTi(p) = Ti(p) -1°0p) .

3. INVERSE SOLUTION

The general strategy for solving (11) for atmospheric temperature and
absorbing constituent profiles from a satellite observed spectral radiance
distribution involves the following steps:

(1) solve for GTi(p) for all constituents using a direct linear
simultaneous matrix inverse solution of (l1), given a spectrum of radiance, R

(2) 1let T(p) = To(p) + 8 Tk(p) where k denotes a consituent whose
concentration, and therefore atmospheric transmittance profile (i.e., ri(p)) is
known a priori (e.g., CO,)

(3) use (l0a) to solve for the concentration of all remaining
constituents, i.e.,

dau? (p)

U (p) = U(p) + [T(p) - T (P)]

dT(p)
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A, Statistical Matrix Inverse Solution of (l1)

[t is convenient to write (ll) in terms of brightness temperature by
assuming

.. 0

. 3Bv(‘B ) "

SR = ————— oTB

v 3T v
or
20 o N ps ~o 0 o

8Tg, = B,(P )T (P ) 8T _151 fo 8,(P)6T (Pt (p)d 1n 7 . (p)

where

p(e) o o]
8,(p) = (3B (T )/BT)/(BBv(TB )/3T)

In matrix form

tb = At (12)

The elements of A are

-0 o]
Av’o Bv(ps)rv(ps)

~o o 0o
A\J’j = —Bv(pi.j)rv(pi’j)d In Tvi(pi,j)

= *
3ml 2, e, N

where N is the number of constituents and Mi is the number of quadrature
pressure levels devoted to each constituent.

The generalized statist}cgl/physical solution of (12) is given by the
Maximum Likelihood Retrieval '’

e =s.aTas.al + £y ¢ (13)
d d S b

Sd is a dependent sample statistical covariance matrix and is the
covariance of the brightness temperature error. The elements of the
temperature covariance matrix, s, are defined



i Ix Ns n o] n - TO ]
S;’k = (1/N)) i [‘i (pj) -T (pj)l [Ti(pk) (pk)

ik
i

"o
—
- .
-
z 4
*
=
.

where Tin(p.) is the temperature of the ith constituent at the jth
constituent-pressure level, the superscript n represents the nth profile in the
sample set, and N_ is the total number of atmospheric profiles in the
statistical samplg, and note that To(p ) is used repeatedly N times in the
equation. 3

Here,
dT(p,)
Ty () = T(py) - —5— (U, (b)) = V3(p))] (1)
J dUi(Pj)

The linear dimension of the matrix to be inverted in (13) is the number of
spectral channels which in our case is the largest of the dimensions
considered. In order to reguce the dimensionality of the matrix inverse, we
can use the matrix identity

T T = | T: =l =lozl pooal
SdA (A SdA + Eb) (A Eb A+ Sd ) A Eb
to achieve
Tg - =1y =1, ! c 15
t = (A Ey A+ S, ) A b ty (15)

Now the linear dimension of the matrix to be inverted is (N*Mi + 1). In (l4),
the elements of Eb are

2
Eb(i.j) - Eb(i,j) - Te (Tb) (Vi) i’j

Byr,yp =0 14

where g = expected brightness temperature noise for a given spectral wave
number, “and it is assumed that the errors are totally random.

It is noted that C in (15) is a constant matrix if the temperature
dependence of the atmospheric transmittance is small. In principle, the C
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matrix is dependent only on the temperature and absorbing constituent profile
statistics utilized (i.e., their means and covariances) and not on the actual
profiles to be retrieved. Of course, C also is dependent upon the matrix A,
which is evaluated for the initial condition T° and t°.

B. Error Analysis

The derivation below follows closely the work of Flemin36 for
efrficiently estimating the profile errors to be expected from the application
of (l5) to actual radiance observations.

1l Temperature Errors

Consider an independent sample of soundings for which we wish to apply
(15) and evaluate the errors in retrieval of T, and U.. If we let D denote
the difference between the actual soundings ané the rétrieved soundings
(i.e., D =T - Tr), then it follows from (15) and (12) that

T -1 -l-1 7 -1 T, -1 -1,-1 T -1:
D=T- (A Eb A+Sd ) A Eb AT - (A Eb A+Sd ) A Eb Eb (16)
where T is the matrix of constituent temperatures and E is a matrix of

radiant brightness temperature errors for the independent statistical sample
and the superscript -! indicates the matrix inverse.

It follows that

D = (I-CA)T - céb

=1 &1l 7T

=1 =1
where I is the identity matrix and C = (ATEb A+ Sd ) A Eb . Thus, the

retrieval error covariance matrix, D*, is

D* = DD' = (I-CA)TT.(I-ATcl) + csbcT - (I-CA)SI(I-ATCT) + cr:bcT

where S_ = TTT of the independent sample set and the covariances between
tempera%ure and random measurement errors are assumed to be zero and where the
same radiance error covariance statistics for the independent and dependent
sets are assumed. Thus,

N T 21 =1 _1 T =1 T =1 T 21 21 1 CE CT
D* = [I-(A Eb A+Sd ) A Eb A] SI [I-A Eb A(A Eb A+Sd ) ]+ b

Using the matrix identity

-1 _1
[I - (X+Y) X] = (X+Y) Y



i

3¢ = (aTgy-1 "1yl aTeyla + sq7lsysglyaleyla + s4°ly-L -

C
]

A+ Sy Eb-

A similar result was obtained by Crosby and Weinreb.?

It is interesting to note that if Sy = Sy4, then

D+ = (TR, la+sgly-l

which is the form originally derived by Fleming.6

The RMS retrieval error is simply the square root of the diagonal
elements of D*,

2 Constitutent Concentration Errors

It follows from (9) that

U = U° + F[T,-T] (187

where U is the vector of gas concentrations for each constituent and pressure
level, U® is the initial approximation to U, F is a diagonal matrix whose
elements are the vertical deviation of the mean gas concentration with respect
to atmospheric temperature, and Tz is the atmospheric temperature (i.e., tha:
portion of t for which the gas concentration profile is knowm).

In matrix for, it follows that the retrieval error of U, i.e., E, is

A

E, = U-U = Ep - E
u aiaT fr ]

or

E* = EylE, = F[DX - D - D* +D* _|F (19)

t. gl ABarle . Lyel

where D* is given by (17); D* Ta 1s that portion of the matrix referring to
the covariance of the error of temperature for the "known" constituent,

D" Ta,Tu 1s that portion of the matrix referring to the covariance of the
error of Ta with the error of the temperature of the "unknown" constituent

(Ty), and D° 14 Ty is that portion of the matrix referring to error covariance
for the unknown constituent.

The RMS retrieval error is simply the square root of the diagonal of Ex.
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RESULTS OF RETRIEVAL ERROR ANALYSIS

An error analysis was performed for the Advanced Infrared Radiation
Sounder (AIRS) which will be a facility instrument on the Polar Platform. e
AIRS will provide a continuous ipectral measTrement of the earth-atmosphere
upwelling radiance from 590 cm™* to 2940 cm” with a spectral resolution
w/2av) of 1200/1. The AIRS radiometer accuracy will be equivalent to a
brightness temperature performance of better than 0.25°C for a scene
temperature of 260°K. The AIRS instrument performance specif&cation is based
on the airborne High resolution Interferometer Sounder (HIS) which has
demonstrated high vertisa& sounding resolution and sounding accuracy from Nasa
high altitude aircraft.”:

The error analysis was performed by a numericalliolution of equations
(17) and (19) using a global climatological data set*" to define the LR
independent and dependent sample covariance matrices (St and Sp) and FASCODE*-
to calculate the spectrum of atmospheric transmittance profiles for the
instruments considered. The absorbing constituents considered were water
vapor, ozone, and the uniformly mixed constituents (CO2, N30, CHy, S0y CO).
The uniformly mixed constituents were treated as a unit so that the number of
atmospheric transmittance components was three. Forty pressure levels ranging
between 0.1 mb and 1000 mb were considered for each of the three constituents
so that the linear dimension of the matrix inverse was 121. The error macrix,
Ep, was constructed assuming that the errors were random (i.e., uncorrelated
from wavelength to wavelength) and equivalent to a brightness temperature
error of 0.25°C for a scene temperature of 260°K. Retrieval errors were
estimated for five cases: (I) full AIRS spectral resolution and coverage
(590-2940 cm” ! with 12?0/1 spectral resolution, (II) partial AIRS spectral
covefage (590-1930 em™*), (III) limited AIRS spectral coverage (590-1100
cm™ ), (IV) the 19 low spectral resolution (15 cm™*) channels of the HIRS
(High resolution Inffsred Radiation Sounder) now flying on operational polar
orbiting satellites, and (V) a selection of 115 AIRS spectral channels
listed in the AIRS Basic Information Package (BIP) distributed by NASA.

Figures la and 1b show the anticipated AIRS retrieval performance when
using all or portions of the specified spectral coverage. It is shown that
most of the atmospheric tempefature and lower level moisture information is
contained in the 590-1100 cm " region of the spectrum. This results from the
temperature profile sensitive 15um CO7 radiance spectrum and the lower
tropospheric water vapor radiance producing rotational wafer vapor lines in
this spectral region. The inclusion of the 1100-1930 cm" region does not
induce a significant improvement in temperature profiling accuracy, but does
provide a very significant improvement in middle and upper tropospheric water
vapor profiling accuracy due to the inclusion of radiance from the moderately
strong vibrationa} water vapor lines in this spectral region. Inclusion of
the 2160-2940 cm™* region produces further significant improvements in the
temperature and water vapor profiling accuracy in the lower troposphere (p >
750 mb) due to the water vapor lines and mixed N20 and CO7 emission lines
coupled with the strong Planck radiance dependence upon temperature in this
short wavelength region. The lower tropospheric temperature accuracy
improvement of 0.5°C due to the inclusion of 4.3um region Np0/CO9 radiances is
particularly noteworthy for accurate profiling of the meteorologically
important thermal structure of the boundary layer.
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Figure 2 shows the expected accuracy of the AIRS temperature and wacer

vapor retrievals relative to that estimated for the currently operational HIZS
radiometer (curve IV). It is noteworthy that the HIRS estimate achieved her=
ls werv consistent with that shown from comparisons Sf %ctual_HIRS statistical
retrizvals with collocated radiosonde observacions.l 13,1415 This resul:
gives credibility to the expected errors calculated for the future AIRS
instrument. As can be seen from Fig. 2, the AIRS represents a major

improvement over the HIRS in terms of sounding capability with the temperacu:=
and moisture profiling accuracy being improved by a factor of two or beccer =
all levels between the surface and ten millibars. It is also noteworthy that
although the majority of this improvement can be achieved with the minimum se-
of 115 channels given in the AIRS "BIP", significant added accuracy
improvement (=0.5°C and 5-10% for temperature and moisture, respectively) is
achieved by using the entire spectrum for the sounding retrieval.

The reason one might want to limit the number of spectral channels sen:
to the ground for profile retrievals, is to minimize the telemetry band wid:h
requirements. However, it follows from equation (15) that a more efficient
means of limiting the data rate withgut iacrificing profiling accuracy could
be achieved by computing the term (ATEb' )tp on board the spacecraft and
transmitting the elements of this vector which is of the dimension the number
of atmospheric retrieval levels (e.g., 40 as used here) times the number of
profile constituents (e.g., three; water vapor, ozone, a¥d the uniformly mixed
gases) plus one (for surface temperature). Since (A Eb' ) is a constant
matrix, it can be stored on-board and updated when necessary. The data volume
for transmission could then be reduced to about 200 data words from the
otherwise required 4000. The 200 data words could also include many specific
channel radiances for "windows" and in minor constituent absorbing regions
which are useful for purposes other than profiling temperature, water vapor
and ozone.

Finally, Fig. 3 shows the ozone profile retrieval accuracy estimated from
a solution of equation (19). Shown is the accuracy of the "effective ozone
temperature" retrieval (obtained from equation (17)) and the accuracy of the
integrated ozone concentration. It can be seen that the accuracy of the
vertically integrated ozone concentration is nearly constant at about 2.5%,
but this is due to the fact that most of the ozone is in the stratosphere
where the effective ozone temperature retrieval accuracy is better than 2.0°C.
As can be seen, the effective ozone temperature retrieval in the troposphere
is very poor indicating that there is little tropospheric ozone mixing ratio
profile information in the AIRS data. However, the 1-3% accuracy shown for
the stratospheric concentration profile is very good.

5. SUMMARY

An efficient linear sounding retrieval methodology has been formulated to
deal with large volume radiance spectra to be achieved with future advanced
infrared sounding instruments. The sounding solutions were used to estimate
profile retrieval errors associated with the future Polar Platform AIRS
facility instrument and the currently operational HIRS sounding radiometer.
The results show that the AIRS will improve our currently achievable
temperature and water vapor profiling accuracy by at least a factor of two and
enable us to observe the concentration profile of stratospheric ozone with an
accuracy of 3% or better.
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The linear algorithm also enables the satellite radiance spectral data :o
be condensed through simple on-board processing by at least an order of
magnitude. prior to telemetry to the ground, without the loss of any of che
profile information content of the spectrum. This feature is important if
data transmission bandwidth becomes a limitation of high spectral resolution.
large spectral coverage approaches.

In conclusion, it is noted that the algorithm developed here has been
successfully applied to both airbfrne and surface-based radiance spectra
achieved with the HIS instrument. The results of these real data
applications of the "linear simultaneous solution" will be reported in
forthcoming publications.
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FIGURE CAPTIONS

Figure 1: (a) Temperature profile retrieval errors for: {. Full AIRS
spectral resolution (A/AA=1200) and ioverage (590-2940 cm™ "), II. Partial
AIRS spectral coverage (590-1930 cm™*), and III. Limited AIRS spectral

coverage (590-1100 cm.y). (b) Water vapor profile retrieval errors for I,
III spectral coverages listed above.

Figure 2: (a) Temperature profile retrieval errors for: {. Full AIRS
spectral resolution (A/AA=1200) and coverage (590-2940 cm™*), IV. The 19 low
spectral resooution (A/AA=50) HIRS infrared channels, V. A selection of 115
AIRS spectral channels listed in the NASA Basic Information Package (BIP). (b
Water vapor profile retrieval errors for the I, IV, and V spectral
characteristics listed above.

)

Figure 3: Retrieval error of "effective ozone temperature" and vertically
integrated ozone concentration. The temperature scale ranges from 0 to 10°K
whereas the relative concentration scale ranges from 0 to 4%.
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Figure 3: Retrieval error of "effective ozone temperature" and vertically
integrated ozone concentration. The temperature scale ranges from O to 10°K
whereas the relative concentration scale ranges from O to 43.
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